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DEFINITION OF FUNCTION, INTRODUCTION TO FUNCTIONS

What is function?

In every day life many quantities depend on one or more changing variables. For example the temperature of
boiling water depends on atmospheric pressure, plants growth depends on sunlight and rainfall and also
marks from tests depend on preparation, doing homeworks and etc.

We say that two variables are tied by a functional dependence. Exactly we say this if we can receive each
value of one of the variables by the certain rule with using values of another.

The function is a rule that says how one quantity depends on another quantity/other quantities.

Definition of the function

Function of a single variable on set A (A < R) is a relation in which for each element of set A is given one
element of another set B (B C R).

The first quantity (variable) is a function of the second quantity (variable) if there is a relationship between
them; every value of the first variable matches with only one value of the second variable .

Examples:
1. The equation for the area of a square is S = a?
a(cm) | 1 ]2 |34 12 50 51 100 0,1 S |2
Sem) | 1 | 4] 9 |16 | 144 2500 2601 | 10000 0,01

a
This is a function. Each value of the independent variable a gives us one value of the dependent
variable S.

2. “Multiply by 3“is also a very simple function y = 3x

X 1 ]2 3 1 4 12 50 51 100 0,1
y 316|912 36 150 153 300 0,3

3. Dependence of the temperature of boiling water on atmospheric pressure:

t

t=71,6+28-( D ) I

10 000 101 |

For each value of atmospheric pressure oo

we can compute (read from graph) only ag |
one value of the temperature of boiling
water. %t

a7 r

96

08 082 084 095 099 1 102 1,04 p[10° Pa)




Dependent and independent variable

A variable, values which are given, is called an argument or an independent variable.

The other variable, values which are found by the certain rule, is called a dependent variable.
Usually an argument is marked as x and a dependent variable is marked as vy .

Important characteristic of the function:
A function relates each element of a set with exactly one element of another set.

1. ... eachelement...
This means that every element in set A is related to some element in set B.

= B

2. ...exactly one. ...
This means that the function will not give 2 or more results for the same input.

This relation is a function. This relation is NOT a function.

If relation does not follow one or both of those rules then it is not a function.



Co je funkce?

DEFINICE FUNKCE, UVOD K FUNKCIM

V kazdodennim zivoté se mizeme setkat s mnoha veli¢inami, které zavisi na jedné nebo vice jinych
proménnych veli¢inach. Napftiklad teplota varu vody zavisi na atmosférickém tlaku, vzriist rostliny je
zéavisly na slunecnim svétle a srazkach nebo také znamky z testu zavisi na piiprave, plnéni domacich ukolt

atd.

Rikame, ze dvé veli¢iny jsou funkcné zavislé. Toto vyjadieni pouzijeme piesnéji v situaci, kdy kazdou
hodnotu urcité¢ proménné ziskame dosazenim hodnot jiné proménné do urcitého pravidla/ predpisu.

Funkce je pravidlo, které urcuje, jak jedna veli¢ina zavisi na jiné/jinych veli¢inach.

Definice funkce

Funkce jedné proménné na mnoziné A (A € R) je ptedpis, ktery kazdému ¢islu z mnoZziny A pfifazuje prave

jedno ¢islo z mnoziny B (B C R).

Prvni veli¢ina (proménnd) je funkei druhé veli€iny (proménné), jestlize mezi nimi existuje zobrazeni, které

kazdé hodnot¢ prvni veli¢iny pfifadi pravé jednu hodnotu druhé veli¢iny.

Piiklady:
1. Vztah pro vypocet obsahu &tverce je: S = a?
a(cm) | 1| 2| 3| 4 12 50 51 100 01
Sem®d | 1| 4|9 |16]| 144 2500 | 2601 | 10000 | 0,01

E; a

a
Jedna se o funkci. Kazdé hodnot€ nezavislé proménné a je ptifazena praveé jedna hodnota zavislé

proménné S.

2. De¢leni cislem 3 je také velmi jednoducha funkce: y = 3x

X

1

2

3

4

12

50

51

100

0,1

y

3

6

9

12

36

150

153

300

0,3

3. |Zavislost teploty varu vody na atmosférickém tlaku:

t=71,6+28-(

10 000

Pro kazdou hodnotu atmosférického tlaku
muzeme vypocitat (vycist z grafu) prave
jednu hodnotu teploty varu vody.

t
["C]

101

100

99 r

95

a7 r

96

0,86 0,95

102 1,04 p[10° Pa)




Zavisla a nezavisla proménna

Proménna, jejiz hodnoty jsou dany, se nazyva argument nebo nezavisle proménna.

Druha proménna, jejiz hodnoty nalezneme pomoci konkrétniho predpisu, se nazyva zavisla proménna.
Argument obvykle zna¢ime X a zavislou proménnou y .

Diilezité vlastnosti funkce:
Funkce ptifazuje kazdému prvku z mnoziny A pravé jeden prvek jiné mnoziny.

1. ... kazdému ...
To znamena, ze kazdému prvku z mnoziny A je ptifazen né&jaky prvek v B.

B

2. ...pravé jeden...
To znamena, ze funkce nepftiradi jedné vstupni hodnoté dva nebo vice vysledkd.

B A

Tato zavislost je funkce. Tato zavislost NENT funkce.

Pokud zévislost nespliiuje jednu nebo obé tyto podminky, pak se nejednd o funkci.



REPRESENTATIONS OF FUNCTION
As you might have noticed in the previous worksheet, there are 4 ways how we can represent some function:
a) Table
b) Graph
¢) Formula
d) Verbal prescription

Representation of the function by table

We use representation by table (or graph) if it is impossible to represent a functional dependence by a
formula, or this formula is an uncomfortable for calculations.

This table represents the functional dependence between the athmospheric pressure p and the temperature of
boiling water t.

p (0°Pa) | 04 | 05|06 07080910
t (°C) 76,1 81,6 |86,1|903|938| 97 | 100

It is obvious that any table cannot contain all values of argument.
But useful table must contain so many values that they are enough to work or to receive additional values by
interpolating the existing ones.

Representation of the function by formula

Many of the functions can be represented by simple formulas.

Example: We know the equation for the arrea S of a circle from a primary school:

S = mrr?, where r is the radius of the circle. This is an example of the function where each value of the
independent variable r gives us one value of the dependent variable S.

We use x for the independent variable and y for the dependent variable for general cases.
The function formula is the “equation® using which we calculate just one value of y (dependent value) for
every specific value of x.

Function notation:
We normaly write function as f(x) and read this as “function f of x*
We can also use other letters for functions, most often g(x), h(x) .
Examples:
1. f(x)=x?2-2x+1
2. f(x)=1-2x
3. A tree grows 20 cm every Yyear, so the height of the tree is the function of its age (the number of
years is x). Name this function g: g(x) = 20 - x or another way of writing g: y = 20 - x.

How to work with the function formula?
For example, we want to know the height of the tree for 13 years and 80 years.
x =13;f(20) =20-13 = 260cm = 2,6m
x=80;f(20) =20"...= ........ cm = ... m
We compute that the tree will be for 13 years 2,6 meters high and for 80 years it will be ...........
high.

Number f(x) is called the function value or value of the function.

Graphical representation of the functions

The graph of the function f is the collection of all ordered pairs [x; f (x)] in the coordinate system.
To represent the function as a graph it is necessary:



1. Write a set of values of the function and its

argument in the table. WATER BOILING POINT

°C
2. Transfer the coordinates of the function 1
X . 102
points from the table to the coordinate 99 =
system. 9% /,/
3. Join marked points by a smooth curve. We 93 P
receive a graph of the given functional o 7
dependence. 84
81
78 //
75

0,35 0,45 0,55 0,65 0,75 0,85 0,95 p(10°Pa)

We meet this way with the empirical functions whose values are obtained by measuring, for example, the
temperature values measured during the day.

Representation of function by the verbal precription

We use the precription for the function for which the formula cannot be found.

Example: The function in which we assign a number of divisors to each natural number.

TO PRACTISE:
1. Evaulate following functions:
a) Given f(x) =1 — 2x, find:

. f(2) =
. f(~12) =
b) Given g(x) = % x € (=2;4), find

. g(3) =
1. g(0,2) =

2. Write the function that expresses the dependence:

a) Area S of a square on its side lenght
b) Lenght of the circle on its diameter.
c) Perimeter of isosceles triangle on the lenght of the ordinate.

d) Car fuel cunsumption (number of litres per 100 kilometres).

10



ZPUSOBY ZADANI FUNKCE
Jak jste si mohli v§imnout v pfedchozim pracovnim listu, existuji 4 zpusoby, kterymi mizeme vyjadfit
funkci:
a) Tabulka
b) Graf
c) Funkéni piedpis
d) Slovni zadani

Urceni funkce tabulkou

Zadani funkce pomoci tabulky (grafu) se vyuziva, pokud neni mozné zadat funk¢ni zavislost predpisem
nebo tento predpis neni vhodny pro vypocty.

Tato tabulka pfedstavuje zavislost mezi atmosférickym tlakem p a teplotou varu vody t.

p (0°Pa) | 04 | 05|06 07080910
t (°C) 76,1 81,6 |86,1|903|938| 97 | 100

Je ztejmé, Ze do tabulky nelze zahrnout v§echny hodnoty argumentu funkce.
Uzite¢na tabulka ale musi obsahovat dostate¢né mnozstvi takovych hodnot, které postacuji k praci nebo
které 1ze doplnit metodou interpolace.

Vyjadreni funkce predpisem

Velké mnozstvi funkei Ize vyjadrit jednoduchym piedpisem.

Priklad: Ze zakladni Skoly znéte vzorec pro vypocet obsahu kruhu:

S = nr?, kde r je polomér kruhu. Toto je ptiklad funkce, ktera kazdé hodnot& nezavisle proménné r piiradi
jednu hodnotu zavisle proménné S.

V obecnych ptipadech znacime nezavisle proménnou X a zavisle proménnou Y.
Funkéni predpis je,,rovnice, pomoci které pro kazdou ur¢itou hodnotu x vypocitadme y (zavisla proménna).

Zapis funkce:
Obvykle zapisujeme funkci jako f(x) a ¢teme ,,funkce f proménné x*

Pro oznaceni funkce miiZeme pouzit i jina pismena, nejcastéji g(x), h(x) .
Priklady:
1. f(x)=x*-2x+1
2. f(x)=1-2x
3. Strom vyroste kazdy rok o 20 cm. Vyska stromu je tedy funkeci jeho stafi (pocet let ozna¢me x).
Ozna¢me tuto funkce g: g(x) = 20 - x , jiny zpisob zapisu g: y = 20 - x.

Jak se pracuje s predpisem funkce?
Napftiklad bychom chtéli ur¢it vySku stromu starého 13 a 80 let.
x =13;f(20) =20-13 = 260cm = 2,6m
x=80;f(20)=20"...= ........ cm = ... m
Spocitali jsme, Ze ve 13 letech bude strom vysoky 2,6 metrti a v 80 bude ........... vysoky.

Cislo f(x) nazyvame funkéni hodnota nebo hodnota funkce.

Zadani funkce pomoci grafu

Graf funkce f je mnozina vSech uspofadanych dvojic [x; f(x)] v soustavé soufadnic.
Pti zadavani funkce pomoci grafu je potieba:

11



TEPLOTA VARU VODY

t(°C)
102
1. Zapsat hodnoty funkce a argumentu do 99 =
tabulky. 9% /,/
2. ,,Pfenést” soufadnice bodu z tabulky do 93 P
soustavy soufadnic. 2(7) 7
3. Prolozit témito body hladkou kfivku. 84
Obdrzime graf zadané funkcni zavislosti. 81 v
75 7

0,35 0,45 0,55 0,65 0,75 0,85 0,95 p(10°Pa)
S funkci zadanou timto zplisobem se setkdvame u empirickych funkci, jejichz hodnoty byly ziskany

meéfenim. Piikladem mitife byt méteni teploty v pritbéhu dne.

Urceni funkce slovnim predpisem
Slovni zadani funkce pouzivame u funkci, u kterych nelze sestavit piedpis.
Pt: Funkce, kterd kazdému pfirozenému Cislu piifazuje pocet jeho déliteli.

K PROCVICENTI:
1. Urcete hodnoty nasledujicich funkei:
a) Jedano: f(x) = 1 — 2x, urCete:

I ()=
. f(-12) =

b) Je dano g(x) = %, x € (—2;4), urCete

. g(3) =
1. g(0,2) =

2. Zapiste funkce, které vyjadiuji zavislost:

a) Obsahu ¢tverce na délce jeho strany.
b) Délky kruznice na polomé&ru.
c) Obvodu rovnostranného trojuhelniku na délce strany.

d) Spotieby auta na poctu ujetych kilometra.

12



DOMAIN OF FUNCTION

Repetition: Fill in the gaps
The function of a single variable on set A (A < R) isarelation in which for ............................. IS given
..................... of another set B (B € R).

The first variable is a function of the second variable if there is a relationship between them:

A variable, values which are given, is called an argument oran ...............cooiiiiiiiiiiiiieee,
The other variable, values which are found by the certain rule, iscalleda ...........................oel.
Usually an argument is marked as ...... anda ...........ocoeiiii is marked as y .

DOMAIN OF A FUNCTION f Df
« The domain is the set of values for which a function is defined.

\ The domain is the set of all x € R, for which there is y € R such that [x; y] € R.

« Simply: The domain of a function is the set of all possible x-values which will make the function
“work* and will output real y-values.
DETERMINING THE DOMAIN
1. Representation of the function by table
] xx, | x, X3 X4 X< X
D¢

Y | fC) | fxp) | fxa) | f(xa) | fX5) | F(X6)

« The domain is the set of all x € R for which exists y = f(x);y € R.
The domain is the set of all x € R in the first row of the table.
Dy = {x1; X2; X3; X4; Xs5; X6}

. Be sure to check that the table is a representation of a function!

2. Graphical representation of the function

ay

NG 9 /
—— D; ———— : D,GE : / —t
Dy = (x1; x2) Dy =(a; b) Y (c; )

« The domain is the set of all x € R for which exists y = f(x);y € R.
The domain is usually an interval.
. Be sure to check that the graph is a representation of a function!

3. Representation of the function by formula

Y

« The domain is the set of all x € R for which the expression on the right side is defined.
Do not forget: The denominator of a fraction cannot be zero.
The values under a square root sign cannot be negative.
e fiy=2x x€R

Ds=R « hy=Z 4-x>0
. gy=+vx x=0 e X< 4
Dy = (0;2) Dy = (—o0;4)

13



Practice: Determine domains of functions:

1.
folx|-2|1|5]|6 | 14|16 Dy, =
y| 0|2 ]6 8] 9|10
2.
folx|-2]1|5]|6 | 14|16 Dy, =
y| 0|26 8] 9|10
3.
4,
5. fsry=+45x+15 8. fay=— 122
36x2
6. f6:y=6_1x8x 9. fory=Vx—5++v6 —3x
. _ 4x+52 5
7. f7-y T V2x—8 10.f10:y = Siti

14



Opakovani: Dopliite

Funkce jedné proménné na mnozin¢ A (A € R) je predpis, ktery
B (B c R).

DEFINICNI OBOR FUNKCE

.......................................... piitfazuje

Prvni veli¢ina (proménnd) je funkci druhé veli¢iny (proménné), jestlize mezi nimi existuje zobrazeni, které

Proménna, jejich hodnoty jsou dany, se nazyva argument nebo

Druhé proménna, jejich hodnoty nalezneme pomoci konkrétniho ptedpisu, se nazyva .......................
Argument obvykle zna¢ime ... a zavislou proménnou ...... .

DEFINICNi OBOR FUNKCEf D f

« Defini¢ni obor je mnozina vSech ¢isel, pro kterd je funkce definovana.

Defini¢ni obor je mnozina vSech x € R, pro které existuje y € R tak, ze [x; y] € R.

« Zjednodusené: Definicni obor funkce je mnozina v§ech moznych hodnot, pro které bude funkce
,pracovat® a bude produkovat realna Cisla y.

URCENI PREDPISU FUNKCE

1. zadani funkce tabulkou:
f:

x <4 x,

X2

X3

X4

X5

————

Yy | /()

fO)

f(x3)

f(xs)

f(xs)

X
f(xe)

Ds

Definiéni obor je mnozina vSech x € R , pro které existuje y € R; y = f(x).
Defini¢ni obor je mnoZina vSech x € R v prvnim tadku tabulky.
Dy = {x1; x2; x3; X4; X355 X6}
Nezapomente ovéfit, Ze tabulka je zadanim funkce!

2. Zadani funkce grafem

"

.

Ds

Dy = (%15 x2)

DG
Dy = {a; b) Y (c; )

Defini¢ni obor je mnozina vSech x € R , pro které existuje y € R;y = f(x).
Defini¢ni obor je obvykle interval.

Nezapomeiite ovétit, Ze graf je zadanim funkce!

3. Funkce uréena predpisem
Defini¢ni obor je mnoZina x € R, for pro kterd je definovan vyraz na pravé strané rovnice.
Nezapomente: Délitel zlomku nesmi byt 0.
Vyraz pod druhou odmocninou nesmi byt zdporny.

fiy=2x
g:y=vVx
D, = (0; )

X €ER

x=0
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Cviceni: Urcete defini¢ni obory funkci:

1.
fo[x -2/ 1]5]6]14] 16 Dy, =
ylo[ 2168|910
2.
fe[x[-2]1]5]6]14] 16 Dy, =
ylo[2]6][8] 910
3.
4,

5 fey=45x+15

36x2
6. f6:y:6—1xs:c
4x+52
(O k7=
2 x%-9
8. fory =15 o

9. fooy=vx—5++vV6—3x

5x+3
3x-2

10.fip:y =

16



RANGE OF FUNCTION

Repetition: Fill in the gaps
The function of a single variable on set A (A c R) is a relation in which for

..................... of another set B (B € R).
The first variable is a function of the second variable if there is a relationship between them:

RANGE OF A FUNCTION f Hf
The range is the set of y-values of a function, it is the set of dependent variables.

The range is the set of all y € R, for which there is x € Dy such that [x; y] € R.

Simply: The range is the set of all possible output values which result from using the function

formula.

DETERMINING THE RANGE
1. Representation of the function by table
| x Xq Xy Xz X4 Xs Xg
Yy <170 | flxp) | fxs) | fxa) | fxs) | Fx) > Hs
The range is the set of all y € R for which exists x € R:y = f(x).
The range is the set of all y € R in the second row of the table.
Hy = {f(x1); f(x2); f (x3); f(x4); f(X5); f (x6)}

Be sure to check that the table is a representation of a function!

2. Graphical representation of the function

f
He
h‘i‘:
\/ \_/ g
Hy = (y;; ) Hg = (y1;0) U (y2; ¥3)

The range is the set of all x € R for which exists x € Df; y € f(x).

The range is usually an interval.
Be sure to check that the graph is a representation of a function!
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3. Representation of the function by formula

In order to determine a function’s range, we need to determine the domain.
Analyze the function to determine any values of y for which there isn’t a real value of x.

Example: f:y = ﬁ; 0 can’t be a part of the range because 0 = 42: can’t be true.
Determine the range is based on the domain.

Example: f:y = x? — 4; D = R. If we assign a real number for x. then x* > 0. In the
formula there is a substraction of number 4. The range is all real numbers greater than or

equal to -4, Hp = (—4; o).

Practice: Determine ranges of functions:

1.
f:[x]-2]1]5[6[14]16 Hp, =
ylol2]6]8]9 10
2.
f:[x]-2]1]5[6[14]16 Hp, =
ylo/2]6 8|90
3.
4,
5. fery =x? 8. fory =Ixl
6. foy == 9. fory = lx|+3
1. frry=+x

18



Opakovani: Dopliite

Funkce jedné proménné na mnoziné A (A € R) je piedpis, ktery
B (B c R).

OBOR HODNOT FUNKCE

pfifazuje

Prvni veli¢ina (proménnd) je funkci druhé velic¢iny (proménné), jestlize mezi nimi existuje zobrazeni, které

OBOR HODNOT FUNKCE f Hf

« Obor hodnot funkce je mnozina vSech hodnot funkce y, je to mnozina vSech zavislych proménnych.

Obor hodnot funkce f je mnozina viech y € R, pro které existujex € Dy takové, ze [x; y] € R.

« Jednoduse: Obor hodnot je mnozina vsech moznych vysledki, které ziskame dosazenim do piedpisu.

URCENI PREDPISU

1. Funkce zadana tabulkou

f:

2. Funkce uréena grafem

f

X Xq X3 X3 X4 Xs X6
Y <17 (x) | fO) | fxs) | fxa) | fxs) | f(x

Hy

Obor hodnot je mnoZzina vSech y € R pro které existuje x € R:y = f(x).
Obor hodnot je mnozina vSech y € R ve druhém tadku tabulky.

Hp = {f(x1); f(x2); f(x3); f(x4); £ (x5); F(%6)}

Ujistéte se, Ze tabulka je zadanim funkce!

Hp = (y1; )

Hy = (y1;0) U (y2; ¥3)

«  Obor hodnot je mnozina vSech x € R, pro kter¢ existuje x € Ds; y € f(x).

Obor hodnot je obvykle interval.

« Ujistéte se, ze graf je zadanim funkce!
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3. Funkce zadana piedpisem

Pti urceni oboru hodnot potfebujeme nejprve urcit defini¢ni obor..
Analyzujeme funkci, abychom urcili vSechny hodnoty y, pro které neexistuje realné x.

Piiklad: f:y = é; 0 nemuze patiit do oboru hodnot, protoze rovnost 0 = é nikdy neplati.
Urceni oboru hodnot je zalozeno na definiénim oboru funkce..

Piiklad: f:y = x? — 4; D = R. Pokud za x dosadime libovolné realné ¢&islo, pak. x* > 0.
V ptedpisu je odectena 4. Obor hodnot tedy budou vSechna ¢isla vetsi nebo rovna -4,

Cviceni: Uréete obor hodnot:

1.
f[x[2]1]5]6]14] 16 Hy, =
y|0[ 268 910
2.
f:[x]2]1]15]6]14] 16 Hp, =
y| 0|2 |68 9 | 10
3.
4.
S foy=x? 8. fery = Ix
6. f6:y = %
7. fry =X 9. fory=|x|+3

20



WORKSHEET —definition of function, the domain and function range

|. Decide which of following graphs/tables are the representation of a function. If it is a function,
specify the domain and the range:

1 Ix|-3/0l2|8]-1]3 2. x| 3|5|2]8]|-3]|3
y 1]1]0]1]2]3 y 6| 2|5|1]/2]|3
Df1= DfZ:
Hf1= HfZ:
3. 4.
(
ng [-l])f4—
Hfs_ fa ™
5 6.

Df5 Df6
HfS —_ Hf6 =
1.
N/
/ | S~
Df7 -
Hf7 -

Il.  Decide if the following functions are equal. Mark your answer in the box.

(yes—Y,no-N)

1. firy=x? x+3 2_g
! 3 2. gry =5 3. hl:yz’;_3
f2=? gpiy = 13 hy:y=x+3

X+
Y| N YIN Y| N
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I11. Determine the domains of the following functions:

5 x+6

firy=x>—x+56 Dy, = fory = — Dy, =
_x2_7x+12 Df — f:y=vx+6 Df _

fz:y— x_3 2 7 m S
x—3 D, = o x+6 D, —

Y= a1 fs fay= T3 f
fay=+vx-—3 Df4= fory =+x2—7x+12 Df9=
— x+6 _
fs:y =+lx + 6] DfS_ fio:y = x+3+\/m wa—

IV. Given functions f, g, h. Match the correct number with the value of the function.

fy g:y=Vx+6
=x2-2x+1 h:y =3 -5x
A f(D) 1 0 A
B  g(10) 2 13 B
C h(2) 3 4 C
D f(W2) 4 1 D
E  f(0) 5 3-5V2 E |4
F  h(-2) 6 3-2V2 F
V. Given fiy= :’i’;ﬁ Find which of following numbers belong to the range of the function f.
(Fill in the gap with one of following symbols: e,&).
o[ 18, ol n Im H,
; L L ’
VI. Drawa graph of a function which domain is the interval (—3; 5) and the range of the
function is:
a) (—4;2) b) {-3,-2;,-1,0;1;2;3;3,5} ) (—o;3)
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PRACOVNI LIST — definice funkce, defini¢ni obor, obor hodnot

l. Rozhodnéte, které z nasledujicich grafi/tabulek jsou zadanim funkce. U funkci urcete
defini¢ni obor a obor hodnot:

1 Ix|-3/0l2|8]-1]3 2. x| 3|5|2]8]|-3]|3
y 1]1]0]1]2]3 y 6| 2|5|1]/2]|3
Dfl sz
Hf1= HfZ:
3. 4.
(
ng [-l])f4—
Hfs_ fa
5. 6

Df5 Df6
HfS —_— Hf6 =
7.
).\“T“--_J'I _
Df7 -
Hf7 -
1. Rozhodnéte, zda se dané funkce rovnaji. Svou odpovéd’ vyznacte do prislusného pole.
(Ano—-A, ne-N)
vny) — 42 v, . X*3 o x*-9
1. firy ;3x 2. g1y = —x12+6x+9 3. hyiy = —
f2=? 922Y =3 hpiy =x+3
AN AN AN
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I11. Urcete defini¢ni obory nasledujicich funkei:

x+6

f1:y=x5—x+56 Df1= fé:yz x+3 Df6—
_x2_7x+12 Df — f:y=vx+6 Df _

fz:y_T 2 7 VX+3 7
x—3 D, = o x+6 D, —

Y= a1 fs fay= T3 f
fay=+vx-—3 Df4= fory =+x2—7x+12 Df9=
— x+6 _
fs:y =+lx + 6] DfS_ fio:y = x+3+\/m wa—

V. Jsou dany funkce f, g, h. PFifad’te spravné funkéni hodnotu (pismeno) k ¢islu.

fy g:y=Vvx+6

=x*-2x+1 h:y=3—5x
A f(D 1 0 A
B  g(10) 2 13 B
C h(2) 3 4 C
D f(V2) 4 1 D
E £(0) 5 3-5V2 E
F  h(-2) 6 3-2vV2 F

2
V.  Je d4na funkce fiy= %. Urcete, ktera z nasledujicich ¢isel pati'i do oboru hodnot
funkce f (Dopliite jeden z nasledujicich symbolii: €, Q

_??I:'Hf ol %I:'Hf
5L I -2[_|H,

V1. Naértnéte grafy funkci, jejichZ defini¢ni obor je interval (—3;5) a obor hodnot je:

a) (—4;2) b) {-3;-2;-1;0;1;2;3;3,5} ) (—;3)
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PROPERTIES OF FUNCTION — monotonicity, one-to-one function

In this worksheet the concept of a monotonic function is discussed and the method to determine a

monotonicity is introduced.
INCREASING FUNCTION
A function f is called increasing on an interval if the function value increases
":11 E - j
% %2

as the independent value increases.
Vxq1,Xp € Df if x1 < Xy then f(xl) < f(xZ)

f=y

DECREASING FUNCTION

A function f is called decreasing on an interval if the function value decreases
{n:a-cz}

as the independent value increases.
vxl,xz € Df: if X1 < X2 then f(xl) > f(xz)

NONINCREASING FUNCTION
Vxq1,Xp € Df if X1 < Xy then f(x1) = f(xz)
NONDECREASING FUNCTION
VXxq1,Xp € Df if X1 < Xy then f(x1) < f(xz)
nonincreasing

| nondecreasing

e

A function which is nonincreasing or nondecreasing is called monotonicity on its domain.

A function which is increasing or nondecreasing is called strictly monotonic on its domain

MONOTONICITY
The function is also called monotonic.
This function is decreasing in the interval of x € (—o0; 0)
This function in increasing in the interval of x € (0; «)

The function is not monotonic on its domain Ds =R.
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ONE-TO-ONE FUNCTIONS

« A function for which every element of the range of the function corresponds to exactly one element
of the domain.

One-to-one function relates each value of the independent variable x to the single value of the
dependent variable y.

A function y = f(x) is called an one-to-one function if for each y from the range of f there
exists exactly one x in the domain of f which is related to y.

Vy€Hf3!'x € Ds:y=f(x)

Otherwise Vx1; X2 € Dy : if X1 # x3,then f(xq) # f(x2)
Example:
1. 2. 3.
flx]|-4|-2|-1]0|1]|2]4 g: |x|-4]|2]-1]0|1]2]|4 h:|x|-3(-2|-1|1]2]|3
ylo|1]|2|8|9]|3]|6 y|l9o|6|3|1|5|6]|8 y|5|-4|3[3|4|5
Function f is one-to-one. Function g is not one-to-one because h is not a function!

9(2) = g(2) = 6.

For graph of function we can do a horizontal line test.

The graph of a function is the grapf of an one-to-one function if only and only if no horizontal line intersects
the graph at more than one point.

The function is not one-to-one. The functioh is one-to-one. The function is not one-to-one

7. f:y=x2;Df =R
This function is not one-to.one.
but

8. fiy= xz;Df = (0; )
This function is one-to-one.

IF THE FUNCTION IS INCREASING OR DECREASING, THEN IT IS AN ONE-TO-ONE
FUNCTION.
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VLASTNOSTI FUNKCE — monotonnost, prosta funkce

V tomto pracovnim listu je vysvétlen pojem monotdnnost a zptsob rozpoznani monotdénnosti.

RosTOUCI FUNKCE
. Rekneme, Ze funkce je rostouci na intervalu, jestlize s rostoucimi hodnotami '
. v s K ---------

argumentu roste 1 funk¢ni hodnota. ] /

/

/

Vxy, X, € D jestlize x; < x, pak f(x1) < f(xz) ) - /

% ¥
LERY

KLESAJICi FUNKCE
Rekneme, Ze funkce je klesajici na intervalu, jestlize s rostoucimi hodnotami
f{x)

argumentu klesa funkéni hodnota.
Vxl, X2 (S Df jestliie X1 < X2 pak f(xl) > f(xz)

NEROSTOUCI FUNKCE
Vx1, X3 € Dy jestlize x4 < x, pak f(x1) = f(xz)

Vx1, X3 € Df: jestlize x4 < x, pak f(x1) < f(xz)

NEKLESAJICI FUNKCE
nerostouci

neklesaj ici/ \

e

Monotonni nazveme funkci, ktera je na celém definicnim oboru nerostouci nebo je na celém

MONOTONNOST
Funkce, ktera je na celém svém definicnim oboru rostouci nebo je na celém definicnim oboru

L]
defini¢nim oboru neklesajici.

klesajici, se nazyva ryze monotonni.
Tato funkce je klesajici pro x € (—oo; 0)
Tato funkce je rostouci pro x € (0; o)

Tato funkce neni monotonni na svém defini¢nim oboru Dy = R.
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PROSTA FUNKCE

« Prosté funkce je funkce, ve které dvéma riznym funk¢nim hodnotdm odpovidaji rizné hodnoty
argumentu.

Prosta funkce pfifazuje dvéma riaznym funkénim hodnotam rtizné hodnoty argumentt.

Funkce y = f(x) je prosta, jestliZe pro kazdé y z oboru hodnot existuje pravé jedno x z
defini¢niho oboru funkce, pro které y = f(x) .

Vy€Hf3!'x € Ds:y=f(x)

jinak Vxq; X2 € Dy : jestlize xy # x3,pak f(x1) # f(xz2)
Priklad:
1. 2. 3.
flx]|4|2|-1{]0|1]|2|4 g:-|x|4|2(-1|0]1]2]4 h:|x|-3|-2|-1|1]|2
y|0|1]2]|8|9)|3]|-6 y|9/6|3|1|5|6/|8 y|-5|4]|-3]|-3
Funkece f je prosta. Funkce neni prosta, protoze h neni funkce!

9(2) = g(2) = 6.

Pro funkci zadanou grafem mtzeme provést test pomoci vodorovné piimky.

Graf funkce je grafem prosté funkce prave tehdy, kdyz libovolna vodorovna ptimka protne graf nejvyse
V jednom bodé¢ (jeden nebo zadny prisecik).

Funkce neni prosta. Funkce je prosta. Funkce neni prosta.

7. f:y=x2;Df =R
Tato funkce neni prosta.
ale
8. f:y =x%D;=(0;0)

Tato funkce je prosta.

JESTLIZE JE FUNKCE ROSTOUCI NEBO KLESAJICI, PAK JE PROSTA.
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PROPERTIES OF FUNCTION - boundary, extremes, periodic

BOUNDED FUNCTION

« We say that a real function f is bounded from below if there is a
number d such that for all x from the domain Dy one has f(x) = d.

. We say that a real function f is bounded from above if there
~is.a number H such that for all x from the domain Dy one has

f(x) <d.

« We say that a real function f is bounded if it is bounded both
from above and below.

Practice: Example:
Draw a graph of a function which is even and Determine if f:y = 22 is bounded.
bounded from below: x2+1
x?=>0 x2>0
x>+1>1 x>+1>0; 2>0
1 < 1 >0
x22—|— 11 x2+1
<2
x>+1"
0< 2 <2
x2+1"

The function is bounded.
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EXTREME VALUES OF FUNCTIONS
« When an output value of a function is a maximum or minimum over the entire domain of the
function, the value is called the maximum or the minimum, as defined below.

Function f has maximum in point a if and only if for all x € D¢ is f(x) < f(a).
Function f has minimum in point b if and only if for all x € D¢ is f(x) = f(b).

This function has a minimum for x = 1: f(1) = 2 This function has a maximum for x = 0: £(0) = 2

PERIODIC FUNCTION

A function f is said to be periodic with period p (p € R*) if for each x € Dfalso (x + p) € D¢
and one has f(x) = f(x + np) forn=1,2,3,..

The function is periodic.

The function is not periodic.

Practice:
Determine extreme points, intervals of monocity and boundedness

- — The function is decreasing for x €

The function is incerasing for x €

The function has maximum for x € ; f(x) =

The function has minimum for x € ; f(x) =

The function ....... bounded.
For all x € Dy: <f(x)<
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VLASTNOSTI FUNKCE — omezenost, extrémy, periodi¢nost
OMEZENA FUNKCE

« Rekneme, Ze realna funkce f je omezena zdola, jestlize existuje
realné Cislo d tak, Ze pro kazdé X z defini¢niho oboru Dy plati:

f(x)=d.

« Rekneme, Ze realna funkce f je omezena shora, jestlize
~ existuje redlné Cislo H tak, Ze pro kazdé¢ X z defini¢niho oboru Dy
plati: f(x) <d.

« Rekneme, Ze funkce je omezena, jestlize je omezend shora i zdola.

ad

LN SN

Cviceni: Piiklad:
Nacrtnéte graf funkce, ktera je sudd a omezena Zjistéte, zda je funkce f:y = omezena.
zdola. x2+1
x*20 x*20
x2+1=>1 x*2+1>0; 2>0
1 < 1 -0
171 x? +1
5) < 2
‘ x2+17
0< <2
x>+1"

Funkce je omezena.
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EXTREMY FUNKCE
« V piipadé, Ze hodnota funkce je nejvetsi nebo nejmensi na celém jejim defini€énim oboru, pak se tato
hodnota nazyva maximum respektive minimum funkce, jak je uvedeno nize.

Funkce f ma maximum v bodé a, pravé tehdy kdyz pro vSechna x € Dy je f(x) < f(a).
Funkce f ma minimum v bodé b pravé tehdy kdyz pro vSechna x € Dy je f(x) = f(b).

Funkce mé& minimum pro x = 1: f(1) = 2 Funkce mé maximum pro x = 0: £(0) = 2

PERIODICKA FUNKCE

Rekneme, 7e funkce f je periodicka s periodou p (p € R™), jestliZe pro viechna x € D s také (x + p) €
D¢
A plati: f(x) = f(x+np) pron=1,2,3,.

Funkce je periodicka.

Funkce neni periodicka.
Cviceni:
Urcete extrémy, intervaly monotonnosti a omezenost funkce.
Funkce je rostouci pro pro x €

Funkce je klesajici pro pro x €

Funkce ma maximum pro x € ; f(x) =

Funkce ma minimum pro x € ; f(x) =

Funkce ....... omezena.
Pro vSechna x € Dy: <f(x)<

32




1.
f:

EVEN AND ODD FUNCTIONS

EVEN FUNCTION

A function f is said to be even if:

1. Foreachx e Dy also —x € Dy and
2. Foreach x € Dy: f(x) = f(—x).

The graph of an even function is always symmetrical about the vertical axis

(that is, we have a mirror image through the y-axis)

2.

g [x]4|2]1]0]1]2

Example 1:
x|-4|-2|-1|0|1]|2|4
y|l9|6|3|1]3|6]09

Function f is even.

y|9(6 |3 (1|35

Function g is not even because
92) # g(=2).

Function a is even.

Function b is even.

Example 2: f:y = x* + 3|x|

Dy = R this implies —x € D¢; x € Dy .
f(x) =x* + 3|x|

f(=x) = (=x)* + 3|—x| = x* + 3|x| = f(x)
Function f is even.

Practice 1: Complete tables of even functions:

2.

X

Y

g [x]9]2]5

210

Y 11216

Practice 2: Decide which of these functions is even:

3.
3]0

h: | x|3|2|-1|1[2]|3]| 4

y|5|4|-3|-3|-4|5]|-6

Function h is not even because
4 € Dy, and —4 Z Dy,.

Function c is not even because
(—o0; =2) € D, and (2; ) € D,




ODD FUNCTION

A function f is said to be odd if:
1. Foreachx € Dy also —x € Dy and
2. Foreach x € Dplcovinniiiiniiiniiinenionnins

« The graph of an even function is always symmetrical about the origin.

(a graph has origin symmetry if we can fold it along the vertical axis, then along the horizontal axis,
and it lays the graph onto itself.)

Example 1:
2. 3.
x|-4|-2|1]0|1]|2]4 g |x|-4]|-2]-1]0|1]2]4 h:|x|-3|-2|-1|1]|2]|3]|4
y|l9|6|3|1|3|-6]-9 y|9|6|3]0|-3[5]9 y|5|-4|3[3|4|5]|-6
Function f is odd. Function g is not even because Function h is not even because
—9(2) # g(=2). 4 € Dy and —4 & Dy,.

Function a is odd. Function b is even. Function c is not even because

(—o0;—2) € D, and (2; ) £ D,
Example 2: f:y = x3
Dy = R this implies —x € D¢; x € Dy .
fx) =x°
f(=x) = (—x)* = —x* = —f (x)

Function f is odd.

Practice 1: Complete the graph so that it is will be an odd function:

34




PARITA FUNKCE

SUDA FUNKCE

Rekneme, Ze funkce je suda, jestliZe::
3. Proviechnax € Dfi—x € Dra
4. Pro vSechna x € D: f(x) = f(—x).

« Graf sudé funkce je soumérny podle osy Y.
(To znamen4, ze osa y vytvaii zrcadlovy obraz)

Priklad 1:
1 2. 3.
flx|4|2|-1]0]|1|2]|4 g-|x|4|-2|-1|]0]1]2]4 h:|x|-3|-2|-1|1|2|3)|4
y|9|6|3|1 3|69 y|9(6(3|1|3|5]|9 y|5|4|3[-3|4|5]|-6
Funkce f je suda. Funkce g neni suda, protoze Funkce h neni suda, protoze
9(2) # g(=2). 4 € Dy and —4 & Dy,.
3 4.
\ ."'Il \ /
\ / \
b1 f % ."Il
Funkce a je suda.. Funkce b je suda.. Funkce ¢ neni suda, protoze

(—00; —2) € D and (2; ) € D,

Priklad 2: f:y = x* + 3|x|
Ds = R z toho vyplyva, ze —x € Dg; x € Dy .
f(x) = x* + 3|x|
f(=x) = (=0)* + 3|—x| = x* + 3|x| = f(x)
Funkce je suda.

Cviceni 1: Dopliite tabulky sudych funkci:
2. 3.

x|-5|-4]|-3]0 g |x|-9|-2|5 h: [x]1]2

ylo]1]2]o y 11216 y|[3]2]1

Cviceni 2: Rozhodnéte, které funkce jsou sudé:




LICHA FUNKCE

Rekneme, Ze funkce je licha,jestliZe::
1. Pro viSechnax € Dfi—x € Dy and

2. Pro vSechna x € Df: ............................

o Graf kazd¢ lich¢é funkce je soumérny podle pocatku soustav soufadnic.
(Graf je stiedové soumérny. Pokud preklopime graf podle osy y a tento obraz nésledné podle osy x,

ziskame totozny graf’.)

Priklad 1:

2. 3.
x|4|-2|-1{0]|1]|2])| 4 gr|x|4|-2|-1|]0]|1|2|4 h:|x|-3|-2|-1|1|2|3]|4
y|9|6|3|1]|-3|-6]|-9 y|-9/6|3|0|-3[-5/|9 y|5(4|-3|-3|]4|-5]|-6
Funkce f je licha. Funkce g neni licha, protoze Funkce h neni licha, protoze
—-g(2) = g(-2). 4 € Dy, and —4 Z Dy,.

Funkce a je licha.. Funkce b je suda.. Funkce ¢ neni licha, protoze
(—o0; —2) € D, and (2; ) £ D,

Priklad 2: f:y = x3
Ds = R y toho vyplyva —x € Df; x € Dy .
fx) =3
fl=x)=(—x)%=—x>=—f(x)

Funkce f je licha..

Cvideni 1: Dopliite grafy tak, aby se jednalo o lich¢ funkce.:
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WORKSHEET - PROPERTIES OF FUNCTIONS
Fill in the gaps:

A.

The function of a single variable on set A (A € R) is a relation in which for ............................. IS

GIVEN ..ottt of another set B (B C R).

A variable, values which are given, is called an argument oran ..............coooviiiiiiiiiiiiiii e,

The other variable, values which are found by the certain rule, iscalleda ...........................onl.

Usually an argument is marked as ...... anda ...........ocoeiiiii, is marked as y .

The domain 1S The SBE ... .o e e e e e

THE FANQE 1S the SET .. .uitit it e e ettt e e
Graph of a function. This graph is not a function.

B.

A function fis called increasing on an interval if ...
A function f is called decreasing on an interval if ...............ccoiiiiiiiiii e
A function f is called nonincreasing on an interval if ...
A function f is called nondecreasing on an interval if..................oiiiiiiiiii i
A function is called MONOTONIC if ... e

Graph of monotonic function. Graph of nonincreasing function.
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C.

A TUNCLION 1S CAllEd ONE-T0-0NE 1T ..o e e,

We say that a real function f is bounded from below if...............ooi i
We say that a real function f is bounded fromabove if ...
We say that a real function fis bounded if ........ ...

Graph of bounded function. Graph of a function which is not one-to-one..

A function fhas maximum in PoINt aif ... ... e
A function fhas minimum in point b if ... .

A function is periodic With Period P if ... ..o

D.

A function f is said to be even if:

1. e
2. ieerieerecieiietaieiieiasinenn
A function f is said to be odd if:
1
2. ieerieerecieiietaieiieiasinenn
Graph of odd function. Graph of even function.
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PRACOVNI LIST - VLASTNOSTI FUNKCIi

Dopliite vynechana mista:

A.

Funkce jedné proménné na mnoziné A (A € R) je ptedpis, ktery

.......................................... prifazuje ..........coovviiiiiiiiiiiiiiiieiieiiieeeenen. B(B CR).

Prvni veli¢ina (proménnd) je funkei druhé veli¢iny (proménné), jestlize mezi nimi existuje zobrazeni,
S (<
Proménna4, jejiz hodnoty jsou dany, se nazyva argumentnebo ...............cooeviiiiiiiiiiiiinnnnn.

Druhé proménna, jejiz hodnoty nalezneme pomoci konkrétniho pfedpisu, se nazyva .......................
Argument obvykle zna¢ime ... a zavislou proménnou ...... .

Defini€ni 0bOr J& MNOZING ..ottt e e
(@] Tl gl aToTe [ o] ATl 1111107411 V- RSP

Graf funkce. Tento graf neni grafem funkce.
H f =

RS
I

B

Funkce f je rostouci na intervalu, JeStlize ............ooieiiiiiiiii e
Funkce f je klesajici na intervalu, JeStHZe ...........ooiiiriiii e
Funkce f je nerostouci na intervalu, Jestlize .............c.oiiiiiiiii i

Funkce f je neklesajici na intervalu, JeStliZe ...........c.oooiiiiiiiiiii e
Funkce f je monotonni, JESTIZE ... ..ot

Graf monotonni funkce. Graf nerostouci funkce.

Hfz

o
I

RS
I

Hf=
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C.

FUNKCE J& Prosta, JEStHZE .....oovitit i e

Rekneme, Ze funkce f je omezena zdola, JestliZe ...............ovoueie e
Rekneme, Ze funkce f je omezena shora, Jestlize ...............cooouoiiiieiiiie e

Rekneme, Ze funkce f je 0mezena, JeStliZe ...... ...o..ooee i,

Graf omezené¢ funkce. Graf prosté funkce.

Funkce fma v bod& @ MaXimUIM ..o e e e,
Funkce fma v bodE b miNimUM ..o e e

Funkce je periodicka S Periodou P, JEStHZE. . ......ouiniiii e

D

Rekneme, Ze funkce f je suda, jestlize:

PPN
5 2 trettireeeeetneteeennteeenaneen
Rekneme, Ze funkce f je licha, jestlize:
PPN
2 reetteeeeeeereneeeetneeeannaeenne
Graf sudé funkce. Graf liché funkce.
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WORKSHEET - properties of functions from graphs and tables

Determine properties of following functions:

¥

41

N

. Monotonicity:
. One-to-one:
. Extremes:

. Boundaries:

. Odd, even:

. Monotonicity:
. One-to-one:
. Extremes:

. Boundaries:

. Odd, even:

Df =

Hf =
Monotonicity:
One-to-one:
Extremes:

Boundaries:

Odd, even:
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Monotonicity:

. One-to-one:

Extremes:

Boundaries:

. Odd, even:

Monotonicity:

. One-to-one:

Extremes

Boundaries:

: Odd, even:

Monotonicity:

. One-to-one:

Extremes:

Boundaries:

. Odd, even:

Monotonicity:

. One-to-one:

Extremes:

Boundaries:

. Odd, even:



PRACOVNI LIST - vlastnosti funkce z grafu a tabulky

Urdete vlastnosti nasledujicich funkci:

¥
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N

N

. Monoténnost:
. Prosta:
. Extrémy:

. Omezenost:

. Parita:

. Monoténnost:
. Prosta:
. Extrémy:

. Omezenost:

. Parita:

Df =

H f -
Monotoénnost:
Prosta:
Extrémy:

Omezenost:

Parita;
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N

N

Df -

Hf =
Monotonnost:
Prosta:
Extrémy:
Omezenost:
Parita:

Df -

Hf ==
Monotonnost:
Prosta:

Extrémy

Omezenost:
Parita:

Monotonnost:
Prosta:
Extrémy:
Omezenost:

Parita:

Df =

H f =
Monotonnost:
Prosta:
Extrémy:

Omezenost:

Parita:



LINEAR FUNCTION —word problem

Example:
Mr. Novacek gives his son a weekly pocket money in amount of 300 K¢. His son Peter spends on average
230 K¢ per a week. From his grandmother he get an extra 500 K¢ for a nice school report with straight ones.

1. Calculate how much money Peter gets from his dad per :

a) one week d) 2 years
b) 4 weeks e) 100 years
c) ayear f) tweeks
time t (weeks) 1 4 52 t

money x (K¢)

2. Calculate how much money Peter can save for :

a) one week d) 2 years
b) 4 weeks e) 100 years
c) ayear f) tweeks
time t (weeks) 1 4 52 t

money x (K¢)

Write a function that expresses the dependence of the saved money on the number of weeks.

a) lweek: x=500+1-70 d) 52 weeks: X =
b) 2weeks: x =500+ __ -70 e) 104weeks: X =
c) 4 weeks: x = f) tweeks: x=

3. Construct a graph of this function to the coordinate system. Determine its domain and range.

0o |

£ |

EEOND

8000 |

4mna |

@ X & B & W oW M OME 6 MW OIF M M 3 M I M M O3 4D 4 & 4H 45 50 50 54 59 S0 B0 AL B4 BH BB OPD Td TAa "B OPE B0 B B B BH B0 OUr D4 W M 10

4. How long will it take to Petr to save 7000 K¢ for a new bike?
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Example 2:
Write a function that expresses the dependence of the saved money on the number of weeks if
1. Petr got from his grandmother 500 K¢ for a nice school report in addition to pocket money.
gy =
Dy = Hy =

2. Petr gets a weekly pocket money in amount of 250 K¢.

h:y =
Dh = Hh =
3. Petr's spending increased to 260 K¢.
k:y=
Dk = Hk ==
Example 3:
Assign functions f, g, h, k to the line, that is the graph of the function:
703 i il

@ 2 & & & W WM OH B M OIF M M M MW W M 3 O A A 4 48 4B 50 A 54 50 58 B0 A B4 BH BB MDD TR T4 YE VB A0 H! B BO BH W0 U2 4 8 W 10 MW

The cooovviiiii, line (colour) is the graph of the function f with a formula f:y=

The oo line (colour) is the graph of the function g with a formula g:y=
The oo, line (colour) is the graph of the function h with a formula h:y=
The oo line (colour) is the graph of the function k with a formula k:y=

All functions that you have entered in this worksheet is an example of the linear function.
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LINEARNI FUNKCE - @ivodni slovni iloha
Priklad:
Pan Novacek dava svému synovi tydenni kapesné ve vysi 300 K¢. Jeho syn Petr tydn€ utrati v priiméru
230 K¢. Za krasné vysveédceni se samymi jednickami dostal letos od babicky vyjimecné jeste 500 K¢ navic.
1. Vypocitejte, kolik penéz dostal Petr od tatinka za:

a) tyden d) 2roky
b) 4 tydny e) 100 let
c) rok f) ttydnd
¢as t (tydny) 1 4 52 t

penize x (K¢)

2. Urcete, kolik penéz Petr usetfil za:

a) tyden d) 2 roky
b) 4 tydny e) 100 let
c) rok f) ttydnd
¢as t (tydny) 1 4 52 t

penize x (K¢)

Zapiste predpis funkce f, ktera udava mnozstvi usetfenych penéz na ¢ase uvedeném v tydnech.

I tyden: x =500+1-70 52 tydnl: x =
2tydny: x =500+ __ -70 104tydnt: x =
4 tydny: x = ttydni: x =
3. Do ptipravené soustavy soutadnic sestrojte graf této funkce a urcete jeji defini¢ni obor a obor hodnot.

4. Zajak dlouho by Petr pii nezménéném kapesném usetiil 7000 K¢ na nové kolo?
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Priklad 2:
Zapiste predpis funkce, kterd udava mnozstvi usetfenych penéz na ¢ase uvedeném v tydnech, jestlize:
1. Petr dostal kromé kapesného od babicky odménu za vysvédceni ve vysi 650 K¢.
gy =
D, = H, =
2. Petr dostava kapesné ve vysi 250 K¢.
h:y =
Dh == Hh =

3. Petrova utrata vzrostla na 260 K¢.
k:y=
Dk == Hk -

Priklad 3:
Ptitad’te funkcim f, g, h, k pfimku, ktera je grafem ptislusné funkce:

ot L

H'H'.‘

00 4

@ 2 & & & W WM OH B M OIF M M M MW W M 3 O A A 4 48 4B 50 A 54 50 58 B0 A B4 BH BB MDD TR T4 YE VB A0 H! B BO BH W0 U2 4 8 W 10 MW

Grafem funkce f o piedpisu f:y= T8 e pfimka (pfifad’te barvu)
Grafem funkce g o predpisu g:y= J€ e piimka (pfifad’te barvu)
Grafem funkce h o ptedpisu h:y= T8 e pfimka (pfifad’te barvu)
Grafem funkce k o ptedpisu k:y= J€ e piimka (pfifad’te barvu)

Vsechny funkce, které jste sestavili v tomto pracovnim listu, jsou ptikladem linearni funkce.
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LINEAR FUNCTION - definition and graph
The name of a linear function comes from the latin word linea, whichmeans ....................
A graph of the linear function is thus ...........

Linear function f on set R is any function that has a formula:

f:y= Wwithae ,be
Domain of the linear function: Dy =
A special case of the linear functions is:
1. Constant function
- Linear function, in which a = 0, the constant function has a formula: y =
2. Direct proportion
- Linear function, in which b = 0, the direct proportionality has a formula: y =

Example: Linear functions include for example these:
firy=3x+2 fory =2x
fziy =2—>5x fary =5

GRAPH OF THE LINEAR FUNCTION
« Aline is the graph of the linear function.
« Asthe line is determined by exactly two points, it is sufficient to construct the graph of an linear
function using the coordinates of two points.

Example 1: Construct a graph of a linear function with the formula: e
fiy=3x+5 it
We need to know coordinates of two points to construct the graph of any linear function. |/
The first coordinate we choose arbitrarily and the one remaining we have to calculate
from the formula of our function.
x1=0,y,=f(x)=f(0)=3-0+5=5; X;[0; 5]

X, =1,7,=f0r) = f(D)=3-1+5=8 X[ 1; §] 1
A simple and clear notation can be also created in the table:
X 0 1 .l
fGOl 5 | 8 ]

f)=f0)=3-0+5=5
flxz)=f(1)=3-1+5=8

Example 2: Construct a graph of a linear function with the formula:f:y = 3
This formula is a formula of the constant function.

X 0 1
fGO] 3 |3 "]
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Practice 1:Construct graphs of functions:
1. y=2x+4 2. yv=3x

.
i "
3
. 4)
3
." -
1 ‘4
1
] 3
,,,,,, T
i  do a8 i)
,,,,,, —_—_—
. A AEYEAE Y CRERERERERENL]
. 4 | B
:
1 T
1
i 1
'l
& 1
i
5] 5]
4 -1
i
1 ! -
g i}
T T — i T T - T T -
FAELE: o SRR H HETn HUERL:
3 2
2] i
| 1]
" 4
] ]
1-‘ &
i i
i} i}
— - 7 T ¥
4 Z .40 4 5|8 i z i] 4 LK ]
] }
4 | El
i ] L]

is the graph of any linear function.

A line which passes through................................ is the graph of any direct proportion y = ax; aeR
Alinewhich ............o is the graph of any constant function y = b; beR



LINEARNI FUNKCE - definice a graf

Nazev linearni funkce pochazi z latinského slova linea, coz znamena ....................
Grafem linedrni funkce je tedy ...........

Linearni funkce f na mnoZiné R je kazda funkce, ktera ma piedpis ve tvaru:

f:y= kdea€e ,be€
Defini¢nim obor linearni funkce: Dy =
Specialnim piipadem linearnich funkci je:
3. Konstantni funkce
- lineéarni funkce, kde je a = 0, konstantni funkce ma ptedpis: y =
4. Piima imérnost
- lineérni funkce, kde je b = 0, pfima iméernost ma predpis: y =

Pt.: Mezi linearni funkce patii napiiklad funkce:

firy=3x+2 fory =2x
fziy =2—>5x fary =5
GRAF LINEARNI FUNKCE

« Grafem linearni funkce je ptimka.
« ProtoZe je pfimka urc¢ena pravé dvéma body, staci k sestrojeni grafu linedrni funkce znat soufadnice
dvou bodt.

Priklad 1: Sestrojte graf linedrni funkce o pfedpisu: f:y =3x+5 [/
K sestrojeni grafu linearni funkce staci znat souradnice dvou bodi. e
Prvni soufadnici zvolime libovolné€ a zbylou musime dopocitat z predpisu funkce. _ /
=0,y =f(x)=f(0)=3-0+5=5; X;[0; 5]
X, =1,y =f(x) =f(1)=3-1+5=8; X,[1; 8] /
Jednoduchy a piehledny zapis miizeme vytvofit i pomoci tabulky:

0 | 1 /

X
fe[ 5 8 A
/
fx)=f(0)=3-0+5=5 /7
fl)=f(1)=3-1+5=8 / |
Priklad 2: Sestrojte graf linearni funkce o piedpisu: f:y = 3 : /
Jedna se o predpis konstantni funkce. /
X 0 1
f@] 3 [3 /
54
4_
X,[0:3] X[1;3]
—F
|
1
1
0 |
4 3 =2 1 |o 1 2 3 4 5 6 71 & 8 10 A1 12 13 14 1
-14
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Cviceni 1:Sestrojte grafy nésledujicich funkei:
1. y=2x+4 2. yv=3x

1-1 .:-'
- ‘1
1 E
.l- I'
T i 4 i b '_ 0 1 i 1 i 4 -1 : i)
. IERER 7 '_ ] T2 134 |8l8
1 -I"
I‘ I‘
.- d_
I‘- -.
3 =—2x+4 4 =2
4 -1
1 I.
i} + - - -
IEAE Z '__u IERERCRERE] [+ z ,40 [a[a[aln
|: 1
‘- a
" [
4 4
1 1
T '|"I T rr !
[ i [ i 40 [ J [ 4 ] a8 T [ 4 | 2z '_ _lr I T 1 ) | 4 s ] ':
. ]
a ‘.
[ [
Grafem kazdé linearni funkceje ..................ooiiiinl.
Grafem kazdé ptimé imérnosti y = ax; aeR je piimka, kterd prochdzi ...,

Grafem konstantni funkce y = b; beR je piimka, Ktera ...........oooiiiiiiiiiii e
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LINEAR FUNCTION - importance of the parameters a, b

In this worksheet we will show the influence of the values of parameters a, b in the formula of a linear
function (y = ax + b) on its course and properties.

Example 1.: Construct graphs of functions into prepared coordinate system:

fiy=2x x
gy=2x+1 f(x)
h:y =2x —?;3» g(x)
- h(x)
Jiy=2x+= -

s J1€3)

5]
£ =] 4 x| -1 - 1 4 -] L]

The value of parameter b in the formula of a linear function
4 (S 15 411 11 (o RPN

Piiklad 1: Construct graphs of functions into prepared
coordinate system:

fify=3x+1 x
gy=x+1 f(x)
h:y:—x+1 g(x)
Jjy=-2x+1 h(x)
J(x)
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jd

The value of parameter a in the formula of a linear function determines .....................cocoiiiiiiiiin..

This parameter is called a slope of the line and for all pairs x; # x; ; x;, x, € Dy is given

g = [er) _

X2—X1

tga.

For a..... isthe graph of linear function increasing.
For a..... isthe graph of linear function decreasing.
Fora .... isthe linear function constant.

Example:
y=2x+1 y=-3x—4
From the formula is From the formula is
determined: determined:
a=2 a=-3
From the graph: From the graph:
_ f(0) - f(-05) g fO-f(=2) _
T Cos) 2‘2(_2)6
% 2 = 2 = E = —3

Practice: Determine values of parametres a, b from the graph. Write the formula of this function.
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LINEARNI FUNKCE- vyznam parametri a, b

V tomto pracovnim listu si ukazeme, jaky vliv maji hodnoty parametrt a, b v pfedpisu linedrni funkce
(y = ax + b) na jeji prubéh a vlastnosti.

Priklad 1.: Do pfipravené soustavy soufadnic sestrojte grafy danych funkci:

fiy=2x x
gy=2x+1 f(x)
h:y=2x-3 g(x)
, 3 h(x)
J;y=2x+= ;
2 J(x)
o) ¥
5]
£ =] 4 3 -1 J_ 1 4 -] L]
Hodnota parametru b v ptedpisu linearni funkce urcuje
Priklad 1.: Do pfipravené soustavy soufadnic sestrojte grafy /
danych funkci:
fify=3x+1 x
gy=x+1 f(x)
h: y=—x++ 1 g(x)
J;y=-2x+1 h(x)
J(x)
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Hodnota parametru a v predpisu linearni funkce urCuje .........o.ooviiiiiiii e
f(x2)—f(x1) —

Cislo a se nazyva smérnice pfimKy a pro kazdou dvojici x; # x5 ; x4, X, € Dy platia = P tga.
2741
Pro a..... jelinearni funkce rostouci.
Pro a..... je linearni funkce klesajici.
Proa.... se jedna o funkci konstantni.
Priklad.:
*oyeme y=2x+1 y=-3x—4
Z predpisu lze urcit, Ze Z ptredpisu lze urcit, ze
a=2 a=-3
Z grafu: Z grafu:
£(0) - £(=05) a2
qQq=—= = =
0—(-0,5) 0-(=2)
-4-2 -6
=35 = 2 —2 42

Cviteni.: UrCete z grafu linearni funkce hodnoty parametrd a a b. Sestavte ptedpis funkce.
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LINEAR FUNCTION- creating formula, properties

Example 1: For linear function g is given: g(1) = 3, g(0) = 5. Create a formula of this function.

The general formula of any linear function is: y = ax + b, wherea € R,b € R.
Each linear function has therefore different values of parameters a and b.
Contructing the formula of one specific function is based on determining the values of a, b.

We substitute values of the function from the input to the formula of the linear function.
g(1)=3,9(2)=5

g:y=ax+b

g:g(x)=ax+b>b
3=1la+b
5=2a+b

Now we solve the system of two linear equations with two unknowns.

3=1a+b /- (-1)
5=2a+b J 5=2-2+b

2=a b=1
Zk:g(1)=2-14+1=3
g:y=ax+b g2)=2-24+1=5
gy=2x+1
Practice: Determine the formulas of linear functions f, g, h, if you know:
1L fO=5f@=9fy= 2. g(= 2)—2 9(2)=-2; g1y =
5=.a+b =..a+b
..=4a+b =..a+b

3. h(1)=8;9(4) =17 h:y =

Example 2: Determine the formula of linear function f, whose graph you can see on the picture.

1.possible solution

To construct the formula it is necessary to
determine the coordinates of two points that
lie on the graph (line) of the function.

X1[0; 3], X,[1; 0]

Now, the procedure is the same as in the
previous case. We substitute coordinates of
these points to the general rule of a linear

ﬁ function:

"-.H fif(x)=ax+b
\ =...a+b
\ ...=...a+b

2.possible solution

It is possible to directly
determine the values of the
parametres a, b.

b =

a=—

57




Practice: Determine formulas of function f,g,h from the graph.

fiy= g:y = h:y =
PROPERTIES OF LINEAR FUNCTION
Fill in the gaps general properties of linear functions.
Linear function f on set R is any function that has a formula:
f:y= Wwitha € ,be€
a=20 a>0 a<0
Hf = Hf = Hf =
One-to-one Simple Simple
Function ......... one-to-one | Function ......... one-to-one | Function ......... one-to-one
(is/ isn't) (is/ isn't) (is/ isn't)
Monotonicity Monotonicity Monotonicity
Function ...... ...... forx € Function ...... ...... forx € Function ...... ...... for x €
(increasing, decreasing, monotonicity) (increasing, decreasing, monotonicity) (increasing, decreasing, monotonicity)
Bounded Bounded Bounded
Function ...... bounded s isnty | Function ...... bounded s isnty | Function ...... bounded s/ isnt)
Extremum Extremum Extremum
Even and odd Even and odd Even and odd
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LINEARNI FUNKCE - sestaveni pi-edpisu, vlastnosti
Priklad 1.: Pro linedrni funkci g plati: g(1) = 3, g(0) = 5. Urcete piedpis této funkce.

Obecny ptedpis kazdé linearni funkce je ve tvaru: y = ax + b,kde a € R, b € R.
Jednotlivé linearni funkce se tedy 1isi hodnotou parametrii a a b.

Sestaveni predpisu konkrétni funkce tedy spo¢iva v uréeni hodnot a,b.

Do obecného predpisu linearni funkce dosadime funkéni hodnoty ze zadani.

g(1)=3,9(2) =5

g:y=ax+b

g:g(x)=ax+b>b
3=1la+b
5=2a+b

Nyni vyieSime soustavu dvou linedrnich rovnic o dvou neznamych.

3=1a+b /- (-1)
5=2a+b J 5=2-2+b

2=a b=1
Zk:g()=2-1+1=3
g:y=ax+b g2)=2-24+1=5
gy=2x+1
Cviceni: Urcete piedpisy linearnich funkci f, g, h, vite-li:
1. f(O)—5f(4)—9fy_ 2. 9(=2)=2,92)=-2; g:y =
=..a+b w=..a+b
....=4a+b ...=..a+b

3. h(1)=8;9(4) =17 h:y =

Piiklad 2.: Urcete pi‘edpis linearni funkce f, jejiz graf je na obrazku:

1.zpusob 2.zpisob
K sestaveni piedpisu je tfeba urcit Z grafu je mozné piimo
soutadnice dvou bodu, které lezi na grafu ur¢it hodnoty parametru a,
(pfimce) hledané funkce. b.
\L X1[0; 3], X5[1; 0] b=
A\ Nyni je postup stejny jako v pfedchozim
Al ptipadé. Soutadnice bodi dosadime do a=—
|\ becného ptedpisu linearni funkce:
\ fif(x)=ax+b
) w=...a+b
\ ..=...a+b
\
fy=
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Cvifeni.:Z grafu uréete predpisy linearnich funkci f,g,h:

VLASTNOSTI LINEARNI FUNKCE

Dopliite na vynechand mista obecné vlastnosti linedrni funkce:

g9y =

Linearni funkce f na mnoZiné R je kazda funkce, ktera ma piedpis ve tvaru:

fy= kdeae ,be
a=0 a>0 a<0
Dy = Dy = Dy =
Prosta Prosta Prosta
Funkce ............ prosta gemeniy | Funkce ............ prosta gemeniy | Funkce ............ Prosta (esmeni
Monotonnost Monotonnost Monotonnost
Funkce ...... ...... pro x € Funkce ...... ...... pro x € Funkce ...... ...... pro x €
(rostouci, klesajici, monoténni) (rostouci, klesajici, monotonni) (rostouci, klesajici, monotonni)
Omezenost Omezenost Omezenost
Funkce ...... omezena gemeniy | Funkce ...... omezena gemeniy | Funkce ...... 0MeEZENA (je/neni)
Extrémy Extrémy Extrémy
Parita Parita Parita
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LINEAR FUNCTION — use

L

Example:
Construct the graph of a linear function f:
1. —4x+2=0
2. —4x+2>0
1L —4x+2=0 2.
1
*=2
4, —4x+2< -2
_II
X

in solving equations, inequalities and their systems

In this worksheet we will explain how to use the graphs of
linear functions to solve linear equations, inequalities and
their systems.

In the coordinate system on the left you can see a sample
graph of a linear function.

The part of the graph, for which all the functional values
are greater than zero, is green.

The part of the graph, for which all the functional values
are less than zero, has blue colour.

The point, in which the value of the function is zero, is red.

y = —4x + 2 and determine for which x € R is valid:

3. “4dx+2<0 5 —6<—-4x+2<?2
4, —4x+2<-2
—flx+2>0 3. —r4x+2<0
. . .
xE<—00; ) XE(E; )
5. —-6<4x+2<2
@
c \\ x €
I"I.I

Practice: Construct the graph of a linear function g: y = —2x + 1 and determine from it for which x € R is

valid:
1. -2x+1>0
2.-2x+1=0

3.-2x+1<0
4, —2x+ 1> -3
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SOLVING SYSTEMS OF LINEAR EQUATIONS AND INEQUALITIES BY GRAPHING
In the coordinate system there are graphs of functions fand g.

f(x)>g<x)\\/ g()>f(%)

s

Function fis ............... (increasing/decreasing)

Function g 1S.oi, (increasing/decreasing)

Functions f and g intersect exactly in ............ (number) point/points.
This point is marked by................. colour and in it is valid the equality:
f() =g ).

From the graph we can also determine for which real numbers X, the value
of the first function is greater than in the other (see the picture).

Simply we can say that the values of one function are greater than the
functional value of the second function if its graph is above (above the
graph of the second function).

Piiklad: Solve this system of linear equations graphically:

y=3x+1

y=—-x+5

The solution of this system is the ordered pair [x; y] that is a solution
to both equations.

To solve a system of linear equations graphically we graph both
equations in the same coordinate system.

The solution to the system is the point where the two line intersect.

The solution of the example which is constructed in the coordinate
system is a point:
o Xboyl=1 5 1

Practice: Solve this equations graphically: 3x + 1 = —x + 5 (use the graph above)

Practice: Solve numerically an equation with unknowns x, y € R:

Xxyl=1[ ;
y=3x+1
y=-x+5
Solution:
y=3x+1—
y=—x+54. -
0=...—4
L=4x /(:4)

X =.
y=—-x+5=.+5=..
X[ ; ]

Graphical solution of linear equations is often used to solve
problems of movement or other types of word problems.

SOLVING LINEAR INEQUALITIES BY GRAPHING
Example: Solve inequalities graphically (use the graph above):

1. 3x+1>—-—x+5

2. 3x+1<—x+5

fry=3x+1 fiy=

g:y=—x+5 g:y=

Inequality can be rewritten: f(x) > g(x) Inequality can be rewritten: f(x) .. g(x)
X € X €

62



LINEARNI FUNKCE - vyuZiti p¥i FeSeni rovnic, nerovnic a jejich soustav

| / V tomto pracovnim listu se dozvite o tom, jak lze vyuzit
grafu linearni funkce pfi feSeni linedrnich rovnic a
nerovnic nebo jejich soustav.

V kartézské soustavé vlevo je sestrojen ukazkovy graf
linearni funkce.

Cast grafu funkce, pro niZ jsou viechny funké&ni hodnoty
vetsi nez nula, je vyznacena zelenou barvou.

Cast grafu funkce, pro niZ jsou viechny funkéni hodnoty
mensi nez nula, je vyznacena zelenou barvou.

Bod, ve kterém je funkce rovna nule, je Cerveny.

Priklad:

Sestrojte graf linearni funkce f:y = —4x + 2 a zjistcte z néj, pro kterd x € Rplati:
1. "4x+2=0 3. —4x+2<0 5. —6<—4x+2<2
2. “4x+2>0 4, —4x+2< -2

1 —4x+2=0 2. —4x+2>0 4. —4x+2<0

5. —{Lx+2£—2 6. —-6<4x+2<?2

X €

X €

\

Cviceni: Sestrojte graf linedrni funkce g: y = —2x + 1 a zjistéte z n¢j, pro kterd x € Rplati:
1. -2x+1=>0 3.-2x+1<0
2.-2x+1=0 4. -2x+1=>-3
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GRAFICKE RESENI SOUSTAV LINEARNICH ROVNIC A NEROVNIC
V soustave soufadnic jsou sestrojeny grafy funkci f a g.

Funkce f_]e ............... (rostouci/klesajici)
Funkce gje............... (rostouci/klesajici)
f(x)=a(x) a(x)=>f(x)
Funkce f'a g maji spolecny/ch pravé ............ (pocet) bod/bodu.
Tento bod je oznacen ................. barvou a plati v ném: f(x) = g(x).

Z grafu mizeme také urcit, pro kterd redlna ¢isla x jsou funkéni hodnoty
jedné funkce vétsi nez druhé (viz obrazek).

Zjednodusen¢ lIze tici, ze funkéni hodnoty jedné funkce jsou vétsi nez
funk¢ni hodnoty druhé funkce, jestlize je jeji graf vyse (nad grafem
druh¢ funkce).

/

Priklad: Reste graficky soustavu linearnich rovnic s neznamymi x,y € R:
y=3x+1

y=-x+5
Vyftesit soustavu rovnic znamena najit takovou uspotfadanou dvojici
¢isel X, y, které spliuje obé dve rovnice.
Na kazdou rovnici miizeme pohlizet také jako na rovnici ptimky,
predpis linearni funkce. Re§enim soustavy jsou soutadnice priseéiku
téchto ptimek.

V ptikladu sestrojeném v soustavé soutadnic je feSenim bod

Xx;yl=1[ ; 1

Cviteni: Reste graficky rovnici: 3x + 1 = —x + 5 (vyuzijte grafu sestrojeného vyse)
Xloyl=1[; 1

Cviceni: Reste pocCetné soustavu linedrnich rovnic s nezndmymi x,y € R:

y=3x+1
y=—-—x+5
Reseni:
y=3x+1—
Yy=—X+5 &
0=...—4
= 4x /D)
X =.
y=—-x+5=.+5=.. Grafické feSeni soustav linearnich rovnice se uplatituje napf.
X[ ; ] pfi feSeni tiloh o pohybu nebo jinych typech slovnich tloh.

GRAFICKE RESENI SOUSTAV LINEARNICH NEROVNIC
Priklad: Reste graficky nerovnici (vyuzijte grafu sestrojeného vyse):

1. 3x+1>—-x+5 2. 3x+1<—x+5
fry=3x+1 fiy=
g:y=—x+5 g:y=
Nerovnici lze piepsat f(x) > g(x) Nerovnici lze piepsat f(x) .. g(x)
X € X €
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a function construct a graph of the same colour.

QUADRATIC FUNCTION without the linear term - graph

Example: Construct graphs of following functions to the prepared coordinate system. To each formula of

1. fl:y=x2 Vl[ ; ]
fz:y = xz -1 VZ[ ) ]
f3:y:x2+1 V3[ ; ]
fay=x*-2 Vol 5 1]
fsiy:x2—§’5 Vsl 5 ]
f6:y:x2+§ Vel 5 |

x | 3] 2 |-15] -1 [-05] 0
f1(x)
fa(x)
f3(x)|
fa(x)
[5(x)|
fo(x)]
x 3 2 |15 ] 1 | 05
f1(x)
fa(x)
f3(0)|
fa(®)|
fs(x)|
fo(x)|
2. fry=-05¢ il 5 ]
fz:y=—0,5x2—1 Vol 5 1
f3:y:—0,5x2+3 V3[ ; ]
fa:y=-0,5x2 -2 Vol 5 ]
x | 3| 2 |-15] -1 [-05] 0
f1(x)
f2(x)|
f3(x)
fa(0)|
x 3 2 |15 ] 1 | 05
f1(x)
f2(x)|
f3(x)
fa(x)
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The vertex of a parabola, which is the graph of a quadratic function with a formula y = ax? + ¢, has
coordinates: V[ ; ]

3 fl: y = xz Vl[ ; ] 9:‘3-
f2:y =—x Vol 5 ] )
f3y= %xz Vsl 5 ] .
fay= Exz Vol 5 ] &
. ]
fs:y =—3x° Vs[ 5 ] 6
f6 y = 3x2 V6[ ; ] 5:
x -3 -2 | -15] -1 | -05 0 n
f1(x) g
f2(x)| j
f3(x) 2]
fa(x)| 1
f5(2)| .
f6(x) _5. T ._3. ._2. '.|'-_.:|' .1. ._2. '3' — ._3.:
x 3 2 1,5 1 0,5
f1(x) =
f2(x)] 3]
f3(2)| .
-4
fa(x) 1
fs(x)] 5
fo(x)|
PROPERTIES OF A QUADRATIC FUNCTION f: y = ax?
o Graph of the quadratic function is convex for a 0.
: . convex concave
Graph of the quadratic function is concave for a 0
e As|a|increases, thegraph ...................oooenl. (becomes wider/ becomes narrower)
As |a| desreases, the graph ..................oooin (becomes wider/ becomes narrower)
« The vertex of a parabola, which is the graph of a function y = ax? has coordinates: V[ ; ]
e Fora>0isHy = e Fora<OisHy =
e a > 0 function is increasing for x € e a > 0 function is decreasing for x €
a < 0 function is increasing for x € a < 0 function is decreasing for x €

A GRAPH AND PROPERTIES OF THE FUNCTION y = axz +c
e The graph is a parabola

e Fora > 0 is the parabola convex

For a < 0 is the parabola concave

e The value of a parameter a affects the
width of the parabola, the value of a
parameter ¢ determines a translation of

e The vertex of the parabola has coordinates parabola in y-direc
V[0; b]
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KVADRATICKA FUNKCE bez linearniho ¢lenu - graf

Piiklad: Do piipravené soustavy soutfadnic sestrojte grafy nasledujicich funkci. Graf sestrojte stejnou
barvou, jakou je napsany ptedpis funkce:

1. fl:yzx2 Vil ;1] =
fry=x*-1 Vol 5 ] ‘]
fy=x*+1 Vil ; ] R
foy=x%-2 Vol 5 ] 2
fs:y =x*-3,5 Vsl 5 | 6]
f6:y:x2+% Vel ;5 1 R

x -3 2 |-15] -1 |-05] O ]
f1(0) b
f2(x)|
f3(x) ]
fa(x)| .
fs(x)| 1
fo(x) INENEEEEENENENEE INNEE

X 3 2 1,5 1 0,5 1
f1(x)
f2(x) 5]
f3(x)| .
fa(x)
f5(x)| 5|
fo(x)|

2. f1:y=-0,5x Vil ;] -
f2:y=-0,5x* -1 Vol 5 ] ]
fs3:y=-0,5x*+3 Vil ; ] 5
fa:y=-0,5x*—-2 Vol 5 ] A

X -3 -2 -1,5 -1 -0,5 0 "
f1(x) .
f2(x)| b
f3(x)| 2]
fa(x) 3

x 312 |5t es| 0 of T T VT T 11 5,
fl(x) 5 4 3 2 1 - a 1 . 3 4 -]
f2(x)| !
f3(x) “
fa(x) =
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Vrchol paraboly, ktera je grafem kvadratické funkce o predpisu y = ax? + ¢, ma souradnice:

Vil 5 1
3. fry=x° Vil ;] 2,
f2:y = —x* Vol 5 ] e)
fs:y = 2x? Vs ] ]
fay =52 V4l ] 3
fs:y =—5x vs[ 5 1 ]
fe:y = 3x% Vel | 5)
x | 3| 2|15 -1 |-05] 0 4]
f1(x)
fa(x)| i
f3(x) 2
fa(x)| 3
fs(x)| !
f6(x) Al 3 = |'I:I a '1' 2 3 4 £ ?
X 3 2 1,5 1 0,5 |
f1(x)
fa(x)| 3]
f3(x)| !
fa(x)
fs(®) 5|
fo ()|

VLASTNOSTI KVADRATICKE FUNKCE f:y

Graf kvadratické funkce je konvexni pro @

Graf kvadratické funkce je konkdvni pro konvexni  konkivn
S rostouci hodnotou |a| se graf ....................ooeeal. (rozsifuje/zuzuje)

S klesajici hodnotou |a| segraf ..., (rozsituje/zuzuje)

Vrchol paraboly, ktera je grafem funkce o predpisu y = ax? ma soufadnice: V[ ; ]

Proa > 0je Hf =

a > 0 funkce je rostouci pro x €
a < 0 funkce je rostouci pro x €

GRAF A VLASTNOSTI FUNKCE y = ax* +c

Grafem je parabola

Pro a > 0 je parabola konvexni
Pro a < 0 je parabola konkéavni

Vrchol paraboly ma soufadnice V[0; c]
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Proa<0jeH; =

a > 0 funkce je klesajici pro x €
a < 0 funkce je klesajici pro x €

Hodnota koeficientu a ovliviuje sitku
paraboly, hodnota koeficientu ¢ urcuje
velikost posunuti paraboly ve sméru osy y




QUADRATIC FUNCTION - graph of a general quadratic function

Example: Construct graphs of following functions to the prepared coordinate system. To each formula of
a function construct a graph of the same colour:

L fuy=x Vil 5 ] &8
fa:y = (x—1)? Vol ; ] ;
f3y=(x+1)° Va[ 5 ] -
fey=(x-2)? Vil 5 ] :
f5:y:(x—3,§,)2 Vs[ 5 1]
f6:y:(x+%) Vel 5 ] 6,
x | 3| 2 |-15] -1 |-05]|0 5
f1(x) 3
f2(x)| .
f3(x) 5
fa(x) )
fs(x)| ]
fe(X) 5
x | 3] 2 15| 1 | o5 R ‘
fl(x) -5- ._4- '_3- '_2' Tl _U- '1' -2- -3. .4. 3
f2(x) 4]
f3(x)| B
fa(x)
fs(x)|
fo(x)|

Graph and properties of a quadratic function f:y = (x + b)?
e The graph is a parabola.
« A vertex of the parabola, which is the graph of the function y = (x + b)?, has coordinates: V[ ; |

« A parabola that is the graph of y = (x + b)? has the same shape as a parabola with the equation
y=x’

« The value of the coefficient b determines the translation of a parabola in x-direction.

e For b > 0 is the vertex translated in the direction of the positive half-axis x
For b < 0 the vertex translated in the direction of the negative half-axis x

GRAPH OF A GENERAL QUADRATIC FUNCTION

Quadratic function f on set R is any function that has a formula:

f:y= witha€ ,b€ ,c€ ;a#
Domain of the quadratic function: Dy =
e From previous worksheets we know how to construct graphs of quadratic functions of the following
types: y =ax?;y =x?+cay = (x +b)2.
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The coefficient a infuences ............. of the parabola.
The coefficient b determines the translation of the graphin .....ccceeiviiiiiiiiiiiiiiannann..
The coefficient ¢ determines the translation of the graphin ....ccceeveiieiiiiiiiiiiiinnnn...

We combine our knowledges and apply them simultaneously to constructing of the graph of a general
quadratic function:

CONSTRUCTING THE GRAPHOF f:y = A(x + B)? + C

Graph of the function f:y = A(x + B)? + C has the same shape as the graph of a function f;: y = ax? and
avertex V[—B; C]
1. Sketch the graph of the function f;: vy = ax?
2. Translate the graph of the function f; of C units in the direction of the y axis and of (-B) units in
the direction of the x axis.

Example: Construct a graph of a function:
fiy=3(x-2)?2+1

fry=3(x-2)"+1
The graph of this function is the same shape as:
fl:y = 3X2.

fry=3x—-2?+1 —
The vertex has coordinates: V[+2; +1] 1

Practice: Construct a graph of a function f:y = 0,5(x + 2)2 — 1

fry=
The graph of this function is the same shape as:

firy =

fiy=

The vertex has coordinates:

Example: Construct a graph of a function f:y = 2x? + 8x — 1
At first we modify the formula to a form, from we can easily determine the
coordinates of the peak and the shape of the graph..
y=2x2+4+8x—-1=2(x?+4x)—1=2(x*+4x+2%)-22-1=

=2(x+2)>-5
(The used procedure is called ,,completing the square* and the next worksheet
deals with it.)
fiy=2(x+2)?*-5
fiiy =
|/

Practice: Determine coordinates of the vertex:

1\? . _
1. y=3(x+5) =5 Vi____]
2. y=10,5x2+0,2, Vi ]
3. y=2(x—-12-1, V[_;_]
4, y=x%—-2x+3, Vi _ ]
5. y=—-x*—6x—-8, V[_;_ ]
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KVADRATICKA FUNKCE - graf obecné kvadratické funkce

Priklad: Do pfipravené soustavy soufadnic sestrojte grafy nasledujicich funkci. Graf sestrojte stejnou
barvou, jakou je napsany ptedpis funkce:

3. fuy=x Vil 5 | &8
f2y=(x—1)> Vol ;] R
fs:y = (x + 1)? Vsl 5 ] |
fay=(x—2)* Vil ;] R
fsy=(x-35)° Vsl 5 ] :
f6:y:(x+%) Vel 5 ] 6,
x | 3] 2]a45] 1 ]-05]0 3
f1(x) 5
f2(x)| .
f3(x) J]
fa(x) |
fs(x)] )
fe(x) |
x | 3] 2 [15] 1 |05 . :
fl(x) 5 -4 3| 2 -1 _I:I- T T2 3] 3
f2(x) n
f3(x)| ]
fa(x)
[s(x)]
fo(x)|

Graf a vlastnosti kvadratické funkce f:y = (x + b)?
e Grafem je parabola
e Vrchol paraboly, ktera je grafem funkce o piedpisu y = (x + b)? ma soufadnice: V[ ; ]

o Parabola, ktera je grafem funkce y = (x + b)? ma stejny tvar jako parabola s rovnici y = x?
o Hodnota koeficientu b urcuje velikost posunuti paraboly ve sméru osy X.

e Pro b > 0 je vrchol paraboly posunut ve sméru kladné poloosy X
Pro b < 0 je vrchol paraboly posunut ve sméru zaporné poloosy x

GRAF OBECNE KVADRATICKE FUNKCE

Kvadraticka funkce f na mnoZiné R je kazda funkce, ktera ma predpis ve tvaru:

fy= kdea€e ,be ,ce ;a=#
Defini¢ni obor kvadratické funkce: Dy =
e Z ptedchozich pracovnich listh umime sestrojit grafy nasledujicich typt kvadratickych funkci:
y=ax*y=x*+cay=(x+b)>
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Koeficient a ovliviiuje ............. paraboly.
Koeficient b souvisi s posunem grafu ve sméru osy .....
Koeficient ¢ urcuje posunuti ve sméru osy ........

Nyni nase poznatky spojime a aplikujeme je soucasné pii sestrojeni grafu obecné kvadratické funkce:

KONSTRUKCE GRAFU f:y = A(x + B)2 + C

Graf funkce f:y = A(x + B)? + C ma stejny tvar jako graf funkce f;: y = ax? a vrchol V[—B; C]
3. Nadrtneme graf funkce f;:y = ax?
4. Graf funkce f; posuneme o C jednotek ve sméru osy y a B jednotek po ose x.

Piiklad: Naértnéte graf funkce f:y =3(x —2)?> +1
fiy=3(x—-2)*+1

Graf této funkce ma stejny tvar jako graf funkce
fiiy = 3x2.

fry=3x-2)?2*+1
Vrchol ma soufadnice V[+2; +1] —_——

Cviceni: Naértnéte graf funkce f:y = 0,5(x + 2)2 — 1

fiy=

Graf této funkce ma stejny tvar jako graf funkce
firy =

fiy=

Vrchol ma soutadnice

P¥iklad: Naértnéte graf funkce f:y = 2x%> + 8x — 1
Nejprve upravime piedpis na vhodny tvar, ze kterého 1ze snadno urcit
soufadnice vrcholu a tvar grafu.
y=2x2+4+8x—1=2((x*+4x) —1=2(x*+4x+2%)—-22-1
=2(x+2)?-5
(Pouzita Giprava se jmenuje doplnéni na ctverec a vénuje se ji pristi
pracovni list.)
fiy=2(x+2)?*-5
fiiy =
]

)

4
Cviceni: Urcete souradnice vrcholu paraboly, ktera je grafem funkce:
12 )
6. y=3(x+5) -5 VI
7. y=0,5x%2+0,2, 4]
8 y=-(x—-12-1, V[

J

J

] 9. y=x%-2x+3, 4]
] 10.y=—x?—-6x—8, V|
]

)

)

)
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COMPLETING THE SQUARE
. Completing the square is more precisely called completing to the square of the linear binomial.
« This operation can be used:
1. Insimplifying the formula of a quadratic function while constructing a graph.
2. In modifying the equations of conics to the vertex form/ center-radius form.
3. Insolving the quadratic equations.

« Completing the square is based on relationships:
(a + b)? = a® + 2ab + b?
(a — b)?> = a* — 2ab + b?
These relationships can be simply verify by modification of expression on the left side:
(a+b)>=(a+b)-(a+b)=a?+ab+ab+b?=a?+2ab + b?
(a—b)>=(a—-b)-(a—b) =a?—ab—ab + b? = a? — 2ab + b?

We show also the graphical proof:

a-b b
~
b bla-b) i
Sa
(@b | baby |
93 b 2
kS
e a? = b2 + 2b(a — b) + (a — b)?

(a —b)?> =a?—b?>—2b(a—Db)
(a — b)? = a? — 2ab — b? + 2b?
(a — b)? = a? — 2ab + b?

(a+b)? = a?+ 2ab + b?

Practice: Fill in the gaps:

1. (x+6)2=x2+2-6-x+__2

10. Bx—_ )2 =9x%2 —6x+ __

2. (x—=2y)2=x2-2-___ +(2y)? 1. x2+2x+___=(C_+__)?
3. By+22)?2=__2+ +_ 2 12202 +8x+__=(_+__)*
4, (__+8)?=k?*+2-8-__+_ 2 13.x2 —24x+__ =(__—__ )?
5. (_+_)?>=9%?%+____ +__4u? 14.y24+20y+___ =(_+__ )
6. ( —3)?%2=__ —6-z+_ 2 15.y2— y+__ =(__—__)?
7. (x+_ ) =x*+4x+4 16.y2+3y+_ =(__+__ )?
8. (y—_)=y*—12y+__ 17.y2—2y+__ =(_—__ )
9. (z+_)*=z*+26z+ ___ 18.y2+%y+_=(_+_)2

19.4y? +y+__ =4(__+

+_ )=4(C_+__ )



ALGORITHM OF COMPLETING THE SQUARE
. Completing the square is a technique for converting a quadratic polynomial of the form ax? + bx +
c to the form A(x — B)? + C, where a, b, ¢, A, B,C € R.
From this form is for exapmle easy to determine coordinates of the vertex of a parabola.

First we will deal with a simpler case — completing the normalized polynomial
(To see applying of general procedure follow the examples on the right side.)

Normalized quadratic polynomial; a = 1

b 2 2 b 2
x2+bx+c=x?+bx)+c=(x*+bx+ L)+c=<x2+bx+<§) >—<§> +c=<x+§> +C
1. Put the quadratic and the linear monomial to one bracket. la.x?* + 6x +16 = (x* + 6x) + 16

x> +bx+c=x%+bx)+c 1b.y* =3y +5=(*=3y) +5
2. 1. Add a number to the bracket to get a perfect square.

(x2+bx+ 2 )+c 2 + 3a.

What number do we add to the bracket? (look at exercise 8 to 19). (xzx++6§)42r f; -32+16=

: . i b
The number is solution of the equation: ? = >

b 2

<x2+bx+<—) > 2 + 3b. , ,

; )] (=) +s
I1. We have to substract recetly added value (to keep the same value

of the expression). = (y__) _Zis5= (y_i) L1

BN\ (b2 *
(x2+bx)+c=<x2+bx+<§) >_(§) +c
i Check:
3. Rewrite the bracl;et asa pezrfect square. , . a3 4T A 6x 94T =
x2+bx+(é) —(é) +c=(x+é) —(9) +c = %"+ 6x+16
2 2 2 2 )
4. Done. b_(y_%> +%=y2—3y+3+%=
, 20
=y —3y+T=y2—3y+5
a+1
1. Factor the coefficient a out of the first two terms. 2x? —4x+3=2(x* - 2x) +3 =
=2(x*-2x+1)—-2-1+3=
=2(x—1)?+1
. . . . Check:
2.  We get the normalized polynomial. Next procedure is the same as in 21 +1=202 —2x+1) +1
the previous case. 2x2 —4x+2+1=2x2—4x+3

Practice: Complete the square:
1. x> +2x+6=

L yrP—12y+3 =
z2+z+1=

3y -9y +1=

2

3

4. —2x*+4x+7 =
5

6. 2z°+6z+4=
-

05x°+x+1=
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DOPLNENI NA CTVEREC

Doplnéni na ¢tverec se piesnéji oznacuje jako doplnéni na druhou mocninu linearniho dvojclenu.

S vyuzitim této upravy se mizeme setkat pfti:

1. l:JpraVé piedpisu kvadratické funkce pro konstrukci grafu
2. Upravé rovnic kuzelosecek na stfedovy/vrcholovy tvar

3. Reseni kvadratickych rovnic

Pti doplnéni na Ctverec se vyuziva platnosti vzorcu:

(a + b)? = a® + 2ab + b?

(a — b)?> = a* — 2ab + b?
Platnost téchto vzorcti se da snadno dokdzat upravou vyrazu na levé stran¢:
(a+b)>=(a+b)-(a+b)=a?+ab+ab+b?=a?+2ab + b?
(a—b)>=(a—-b)-(a—b) =a?—ab—ab + b? = a? — 2ab + b?

Nyni si ukazeme 1 graficky diikaz:

a+b

(a+b)? = a?+ 2ab + b?

Cviceni: Dopliite vynechana mista:

1.
2.
3.

4.

19.4y? +y+__ =4(__+

(x+6)*=x*+2-6-x+__"2
(x—2y)2=x%2-2-___ +(2y)*?

By+2z)?=__"%+ +_ 2

(__+8)?=k*+2-8-_+__*
(_+_)?=9v*+____ +__4u?
( =-3)2=_ —-6-z+__72
(x+_)=x2+4x+4
y-—_=y*-12y+__

(z+_)?=2z2+26z+ ___

a-b (a_b)z Ma-" a-b

¥

R b

a
a’ = b%? +2b(a—b) + (a — b)?
(a —b)?> =a?—b?>—2b(a—Db)
(a — b)? = a? — 2ab — b? + 2b?
(a — b)? = a? — 2ab + b?

10. Bx—_ )2 =9x%2 —6x+ __

1Lx?+2x+__ =(_+__ )
12.x2+8x+___ =(_+__ )
13.x2—-24x+_ =(_ —_ )?
14.y2+20y+__ =(__+__ )2
15.y2— y+__=(_—__)?
16.y24+3y+__ =(_+__)?
17.y2—2y+__ =(_—__ )
18.yz+%y+_=(_+_)2

+_ )=4(C_+__ )



ALGORITMUS DOPLNENI NA CTVEREC
« Doplnéni na &tverec je uprava, kdy vyraz ve tvaru ax? + bx + ¢ pfevedeme na tvar A(x — B)? + C,
kde a,b,c,A,B,C € R.
Z tohoto tvaru lze naptiklad snadno urcit soutadnice vrcholu paraboly, kterd je grafem funkce o
tomto piedpisu

Nejprve se budeme zabyvat jednodus$im piipadem — doplnénim normovaného tvaru
(Uplatnéni obecného postupu miizete sledovat na piikladech uvedenych v pravé ¢asti stranky)

Normovany trojclen; a = 1

2 2 2
2 — (2 — (+2 2 — [ 42 B _(Z = é
x“+bx+c=(x +bx)+c-(x +bx+;)+0— x“+ bx + > > +c= x+2 +C
1. Do zavorky seskupime kvadraticky a linearni ¢len zadaného la.x* + 6x + 16 = (x* + 6x) + 16
trojélenu 1b.y? -3y +5=(*-3y)+5
x>+ bx+c=x?+bx)+c
2. |. Ktémto ¢leniim pii¢teme vhodné Cislo tak, abychom troj¢len mohli | 5 4 3,
zapsat ve tvaru druhé mocniny dvojclenu: (x2 + 6x +32)— 32+ 16 =
(x2+bx+ 2 )+c =x+3)?+7
Jaké ¢islo je tieba doplnit? (podivejte se pozorné na cviceni 8 az 19).
b
Pro hledané &islo plati: ? = 2 2 + 3b.

2 _ 33y -
2 b\? [y 3y+( 2)] ( 2) +5=
x+bx+(§) 312 9 N2 11
. , ey , B 2
I1. Aby se nezménila hodnota vyrazu, prictenou hodnotu musime za
zavorkou opét odecist.

) 5 b\? b\? Zkouska:
(x*+bx)+c=|(x +bx+(§) _(E) +c a(x+3)2+7=x2+6x+9+7=
) ) N =x2+6x+16
3. Vyraz v prvni zavorce zapiSeme jako druhou mocninu dvojclenu.
1N h? ne  /b\? 332 11 9 11
o) @) vemlerd) Qe oYt
2 2 2 2 20
4. Hotovo =Yy k=Yt dy S
az*1
3. Vytkneme z prvnich dvou ¢lent koeficient a kvadratického ¢lenu 2x* —4x+3=2(x* —2x) +3 =
=2(x*-2x+1)—2-1+3=
=2(x—1%+1
Zkouska:

4, lelmh_]smfe normovany tvar. DalSi postup je stejny jako 26—1)2+1=2(x2—2x+1) +1
v pedchozim piipadé. 2x2 —4x+2+1=2x>—4x+3

Cviceni: Dopliite na ¢tverec (druhou mocninu kvadratického dvoj¢lenu)
1. x2+2x+6

y?—12y +3
zZ+z+1
—2x%+4x+7
3y2 -9y +1
2z + 6z + 4

N o g bk~ w D

05x2+x+1
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QUADRATIC FUNCTION - properties

PROPERTIES OF QUADRATIC FUNCTION
Fill in the gaps general properties of quadratic functions.

Quadratic function f on set R is any function that has a formula:

fry= kdea€R,a#,b€ ,c€
a>0 a<o0
IIII II|II lI'Ilr.-'.' \.I"
I'I. f Illl'f "IIIII
\'\1 ,.-'" II." I".
L I \
|ll IIII|
One-to-one One-to-one
Function ......... one-to-one Function ......... one-to-one
(is/ isn't) (is/ isn't)
Monotonicity Monotonicity
Function ...... ...... forx € Function ...... ...... forx €
Function ...... ...... forx € Function ...... ...... forx €
(increasing, decreasing, monotonicity) (increasing, decreasing, monotonicity)
Bounded Bounded
Function ...... bounded (s isnt) Function ...... bounded (s isnt)
Extremum Extremum
Even and odd Even and odd

GRAPHICAL SOLUTION OF QUADRATIC EQUATIONS AND INEQUALITIES
First, we will deal with important points on the graph of quadratic function.

1 [0; €]

:

y=ax® +bx + ¢

There are three important points on the graph of quadratic
function.

We mark them as 1,11 and IlI.

Is the intersection of the parabola and y-axis.

We can determine coordinates of this point for every quadratic
function with D = R. They are: [0; ]

Are intersections of the parabola and x-axis.
First coordinates of these point are solutions of an equation:
fx) =0

ax’+bx+c=0
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1. D=b*—-4ac<0
The equation has no solution. IO ¢
Points I and II don’t exist.

y=ax" +ha + ¢

[ a<n

mpo; ¢ |

y=ax* +bx + C

2. D = bz - 4'aC = O Ill.- a0
The equation has one sollution x;. e | /
[=11 | Y eheee

a=i
I [xy: 0]

y=ax’+bx + ¢

1[0 €]

3. D=b*-4ac>0 - 20
The equation has two sollutions x; = x,. { e 4t o f\ i
I[X1, O] | ."Illl Illll'..
11[xy; 0] / "1 o

S S
How to solve quadratic inequations ax? + bx + ¢ < 0,ax* + bx + ¢ > 0, ...?
1. First we the root of quadratic equation: ax? + bx + ¢ = 0
2. Sketch graph of the quadratic function: y = ax? + bx + c.
3. Determine the solution from the graph:
\ Ilf:f-f-cxa y=t)
/ y=f(x)

fix)=0

ks f.s.~'_|
Example:
1. x2-14x+42>0
Quadratic equation: o]

x>’ =7x+6=0
x—Dkx-6)=0

X1=1;x2=6

X € (—0;1) U (6; )
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KVADRATICKA FUNKCE - vlastnosti, vyuZiti

VLASTNOSTI KVADRATICKE FUNKCE
Dopliite na vynechand mista obecné vlastnosti linearni funkce:

Linearni funkce f na mnoZiné R je kazda funkce, ktera ma piedpis ve tvaru:

f.y= kdea€Ra#,b€E ,c€
a>0 a<0
IIIII III|I lI'Il{.- -\.\II".
.II. V I."f '.IIII
\ / | \
\ 5 f e
x.\ ,.-'"II ."I I".
1\. _/ I.'I |III
|ll IIII|
Dy = Dy =
Hy = Hy =
Prosta Prosta
Funkce ............ Prosta (emeni) Funkce ............ Prosta gemeni)
Monotonnost Monotonnost
Funkce ...... ...... pro x € Funkce ...... ...... pro x €
Funkce ...... ...... pro x € Funkce ...... ...... pro x €
(rostouci, klesajici, monotonni) (rostouci, klesajici, monotonni)
Omezenost Omezenost
Funkce ...... (je/nenhHOMEZENA .. 'eevenn.... Funkce ...... (jeenHOMEZENA .. eeevnnn....
Extrémy Extrémy
Parita Parita

GRAF KVADRATICKE FUNKCE PRI RESENi ROVNIC A NEROVNIC
« Nejprve se budeme podrobnéji zabyvat vyznamnymi body na grafu kvadratické funkce.

\

11 [0; €]

y=ax® +bx + ¢

There are three important points on the graph of quadratic
function.

We mark them as 1,11 and Il1.
i
Is the intersection of the parabola and y-axis.

We can determine coordinates of this point for every quadratic
function with D = R.

1, 11
Are intersections of the parabola and x-axis.
First coordinates of these point are solutions of an equation:

f(x)=0

ax’+bx+c=0
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1. D=b*—-4ac<0
The equation has no sollution. IO ¢
Points I and II don’t exist.

y=ax" +ha + ¢

[ a<n

mpo; ¢ |

y=ax* +bx + C

2. D = bz - 4'aC = O Ill.- a0
The equation has one sollution x;. e | /
[=11 | Y eheee

a=i
I [xy: 0]

y=ax’+bx + ¢

1[0 €]

3. D=b*-4ac>0 - 20
The equation has two sollutions x; = x,. { e 4t o f\ i
I[X1, O] | ."Illl Illll'..
11[xy; 0] / "1 o

S S
How to solve quadratic inequations? ax? + bx + ¢ < 0,ax® + bx + ¢ > 0; ...
1. First we the root of quadratic equation: ax? + bx + ¢ = 0
2. Sketch graph of the quadratic function: y = ax? + bx + c.
3. Determine the solution from the graph:
\ Ilf:f-f-cxa y=t)
/ y=f(x)

fix)=0

ks f.s.~'_|
Example: Solve:
1. x*—14x+42>0
Quadratic equation: o]

x>’ =7x+6=0
x—Dkx-6)=0

X1=1;x2=6

X € (—0;1) U (6; )
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POWER FUNCTION

Power function f on set R is any function that has a formula:
fy = x" |withne

. y=x“neN

n is odd nis even
n=2k;k€eN n=2k;k €N
5 II
|
IIIII | -i-'l
\ I
\ f v
\ { /
|I.IIIII | flll‘l. IIIIII|' -
'.'\ ) ] IlI
A / I.
II
|II
One-to-one One-to-one
Function ......... one-to-one (is/ isn't) Function ......... one-to-one (is/ isn't)
Monotonicity Monotonicity
Function ...... ...l for x € Function ...... ...l for x €
Function ...... ...l Function ...... ...l for x €
(increasing, decreasing, monotonicity) (increasing, decreasing, monotonicity)
Bounded Bounded
Function ...... bounded (is/ isn't). Function ...... bounded (is/ isn't)
Extremum Extremum

Even and odd Even and odd
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I. y=x"™"neN

n is odd n_is even
n=2k;keN n=2k;k€eN A
|

Dy = Dy =

Hy = Hy =

One-to-one One-to-one

Function ......... one-to-one (is/ isn't) Function ......... one-to-one (is/ isn't)
Monotonicity Monotonicity

Function ...... ...l for x € Function ...... ...................... for x €
Function ...... ... Function ...... ........coooinn. for x €

(increasing, decreasing, monotonicity) (increasing, decreasing, monotonicity)

Bounded Bounded
Function ...... bounded (is/ isn't). Function ...... bounded (is/ isn't)
Extremum Extremum
Even and odd Even and odd
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MOCNINNA FUNKCE

Mocninna funkce f na mnozZiné R je kazda funkce o predpisu:
f.y = x" |kdene

. y=x"nenN

N je sudé N je liché
n=2k;k€eN n=2k;k €N
5 II
|
IIIII | -i-'l
\ I
\ f i
I'-.IIII II|II|| :,I'. )
".'\ ) ! IlI
N / I.
II
|II
Prosta Prosta
Funkce ......... prosta (je/ neni) Funkce ......... prosta (je/ neni)
Monotonnost Monotonnost
Funkce ...... coooiiiiiii, pro x € Funkce ...... coooviiiii, pro x €
Funkce ...... ..., Funkce ...... ...,
(rostouci, klesajici, monotonni) (rostouci, klesajici, monotonni)
Omezenost Omezenost
Function ...... bounded (je/ neni) Function ...... bounded (je/ neni)
Extrémy Extrémy
Parita Parita
\
\f
|
\ f
\ f -
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. y=x""nenN

N je sudé

n=2k;kEeEN

Df ==
Hf =
Prosta
Funkce

Monotonnost

Funkce

Omezenost

Function
Extrémy

Parita

(rostouci, klesajici, monotonni)

bounded (je/ neni)

N je liché
n=2k;kEeEN

Df =
Hf =
Prosta
Funkce .........
Monoténnost
Funkce

(rostouci, klesajici, monotonni)
Omezenost

Function bounded (je/ neni)

Extrémy

Parita
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LINEAR FRACTIONAL FUNCTION - worksheet

Practice 1: Construct graph of function y = % and determine all its properties.

Asymptotes:

] x
y

Properties:

Practice 2: Decide which of these statements are true and which are false:

1. Every inverse proportion is even. false/true
2. Every inverse proportion is decreasing. false/true
3. Every inverse proportion is increasing or decreasing function. false/true
4. There is no inverse proportion which is bounded from above. false/true

Practice 3: Construct graphs of these sets of function to the same coordinate system:
2, 2 . 2 -1, -1,
L fuy=sfay=_+2ifzry=_-1 2. gy =92V =0 93V =5

x+1 x-=2

Practice 4: Determine the range and the domain of functions:
2
1. f:)7==;:z'+ 2
5
2. g:)’==§:;—'6
2x-2
X

3. hiy= + 2
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Practice 5: Construct graph of function: y = % and determine properties.

Practice 6: Sketch graphs of functions:

1 2 _ |2x+4

L fry= x 2. gy = |5x:3| 8. hy= 1 x-2 |
Practice 7: Assign the graph with correct formula. -
1 2 3 ]

2x—6 _2x-1 __ 4x+3
T 2x+1 - Y = s T 2x-1
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LINEARNI LOMENA FUNKCE - pracovni list

Cviceni 1: Sestrojte graf funkce y = % a urcete jeji vlastnosti.

Asymptoty:

Vlastnosti:

Cviceni 2: Rozhodnéte, ktera tvzerni jsou pravdiva a ktera nejsou:

5. Kazda pfima amérnost je suda funkce. pravda/nepravda
6. Kazda pfima amérnost je klesajici funkce. pravda/nepravda
7. Kazda pfima umérnost je klesajici nebo rostouci funkce . pravda/nepravda
8. Existuje shora ohrani¢ena ptima tmérnost. pravda/nepravda

Cviceni 3: Do pripravenych souradnicovych systémii sestrojte grafy nasledujicich skupin funkci:
-1 -1 -1

2 2 2
3 fry=_fay=_+2 fzry=--1 4 gy =92V =593V =5

x+1 x-=2

Cviceni 4: Ucete defini¢ni obor a obor hodnot funkei:
L fiy=—+2

5
2. g:y=§—6

3. h:y=2xx_2+2
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Cviceni 5: Sestrojte graf funkce: y = % a urcete vlastnosti.

Cviceni 6: Nacrtnéte grafy funkci:

_n ]2 L |2x+a

L fiy= x 2. 9:y= |5x:3| 3. hy= | x-2 |
Cviceni 7: Prifrad’te grafiim spravny funkéni predpis. -
1 2 3 &

2x—6 2x-1 4x+3
A y= B. y= Ly =
y 2x+1 y 4x+3 C y 2x—1
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EXPONENCIAL FUNCTION — worksheet

Practice 1: Add correct sign of inequality:

L1 ) s () 00"
N 6. (0,75)°[ ](0,32)°
2.1 ] (E) vz V3
; ; 7. (v3)"L1(v3)
3. (0,2)7s[_](0,2)s ; ;

4 (g)%m(g)g 8. (g)gl:l(g)_g

Practice 2: Sketch graphs of functions and compare a and b; a,b € R.

2 X
1. fiy= (5) 2. giy = (2,35)F 3. hiy = (02)*
2\*  2\F . X
5) > () (2,35)* > (2,35)" (0,2)% < (0,2)
al:lb a|:|b a|:|b
Practice 3: Determine values od parametres a, b, ¢, d so that the function is increasing.
1. y = (a®—-10a + 21)* 1\*
Y (@ ibar 2l 3. y=(3)
b+6\¥ _ (@-3)[d-6)\*
2. y = (E) 4. y= ( (d2+4) )
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Practice 4: Construct graphs of following functions:
fiiy=3*
fory=3*+2 :
fary =3*"1

Dy, =
Hf -

1 |

sz =
Hf -

2

3

Hf:

3

Df = E = 4 3 E -1 [° 1 z 3 4

Practice 5: Construct graph of function y = 3**2 — 3. Determine the domain, the range and all properties
of this function. X

5 !

Df = 44
Hf -

One-to-one
Function ......... one-to-one (is/ isn't)
Monotonicity

Function ...... ............col for x € N
(increasing, decreasing, monotonicity)

Bounded .
Function ...... bounded (is/ isn't).

Extremum

Even and odd
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LOGARITHMIC FUNCTION - worksheet

Practice 1: Determine domains of functions:

1. y=logx 6. y=logvx+3
2. y =log(x — 23) 7. y =log(x?* — 11x + 30)
3. y = loglx| = Jog (X&=)

8. y= log( 2x+8 )

4. y =log|(x+3)(2 —x)|

9. y=,/log(x)
x—2
5.y =1log(5) 10,y = X3
Y= log (x+5)
Practice 2: Add correct sign of inequality:
1. loggs3[ Jlogys 4 4. logi4[ Jlog,15
5 5
2. loges3[ Jloggs3 5. logs 5[ Jlogs 8
3. logs3[ Jlog; 5 6. 108100 99 10ges 99
Practice 3: Compute:
1. log;3 = 7. loggV3 =
2. 10g3 27 = 8. 10g3§ =
3. logs1= 9. log149 =
4. log;3 = 7
10 —
5. log, 0,5 = 10. log; 3" =
6. log0,001 =

11.log, 5 + logzg =
12.log5 +log?2 =
13.logp 31,8 —logp3 6 =
14. logs 25+ =
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Practise 4: Construct graphs of following functions:

fi:y =logs x
f2:y =logsx
f3:y =logp x

Dy, =
Hf -

1

sz =
Hf -

2

Dy, =
Hf -

3

Practice 5: Construct graphs of following functions:

fi:y =log, x
f2:y =log,(x + 1)
fz:y =log;x =3
Df =

1

Hf:

1

Df=

2

Hfz

2

Df:

3
Hf3 =
fi
One-to-one

Function ......... one-to-one

(is/ isn't)
Monotonicity
Function ......

(increasing, decreasing, monotonicity)
Bounded
Function ...... bounded (s isnt).

Extremum

Even and odd

f
One-to-one
Function ......... one-to-one
(is/ isn't)
Monotonicity
Function ......
........................ for x €

(increasing, decreasing, monotonicity)
Bounded
Function ...... bounded (s isnt).

Extremum

Even and odd
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One-to-one
Function ......... one-to-one

(is/ isn't)
Monotonicity
Function ......
........................ forx €

(increasing, decreasing, monotonicity)
Bounded
Function ...... bounded s/ isn't).

Extremum

Even and odd



LOGARITMICKA FUNKCE - pracovni list

Cviceni 1: Urcete definiéni obor funkeci:

1. y=logx 6. y=logvx+3
2. y =log(x — 23) 7. y =log(x? — 11x + 30)
3. y =log|x| - x(x=5)

8. y= log( 2x+8 )

4.y =log|(x +3)(2 — x)|

9. y=,/log(x)
xX—2
5.y =log (375) 10,y = 23
Y= log (x+5)
Cviceni 2: Dopliite spravny znak nerovnosti:
1. loggs3[ Jlogys 4 4. logi4[ Jlog,15
5 5
2. 10g0’3 3|:|10g0’43 5- 10855|:|10858
3. logs 3 I:'log;, > 6. logioo 99|:|10898 99
Cviceni 3: Vypocitejte:
1. log;3 = 7. loggV3 =
2. log327 = 1_
. 3 ) 8. logs 3=
+ 085 L = 9. log149 =
4. log;3 = 7
10 —
5. log, 0,5 = 10. log; 3*° =
6. log0,001 =

11. log, 5 + log, = =
12.log5 +log?2 =
13.logp 31,8 —logp3 6 =
14. logs 25% =
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Cviceni 4: Sestrojte grafy nasledujicich funkei:

fi:y =logs x
f2:y =logsx
f3:y =logp,x

Dy, =
Hf =

1

sz =
Hf -

2

Dy, =
Hf -

3

Cviceni 5: Sestrojte grafy nasledujicich funkeci:

fi:y =log, x
f2:y =log,(x + 1)
fz:y =log;x =3

D fi —

Hf 1

Dy, =

Hy, =

D f3

Hf 3

fi
Prosta
Funkce ......... prosta
(je/neni)

Monotonnost
Funkce ......
.......................... pro x €

(rostouci, klecajici, monotonni)
Omezenost
Funkce ...... OMmeZena (je/neni).

Extrém

Parita

f
Prosta
Funkce ......... prosta
(je/neni)
Monotonnost
Funkce ......
.......................... pro x €

(rostouci, klecajici, monotonni)
Omezenost
Funkce ...... 0MEZENA (je/neni).

Extrém

Parita
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Prosta
Funkce ......... prosta

(je/nent)
Monotonnost
Funkce ......
.......................... pro x €

(rostouci, klecajici, monotonni)
Omezenost
Funkce ...... omezena (je/nen).

Extrém

Parita



TRIGONOMETRIC FUNCTION - SINE, COSINE

To establish and define functions sine and cosine of any angle we must first begin with the unit circle.
The unit circle is a circle with a radius of one unit.

To determine the value of sine and cosine of a specific angle a we must start the unit circle.

So now contruct an arbtraryoriented angle <AV B of the size a, |XAVB| = a

Place this angle in the unit circle and the coordinate system so that the initial arm AV is Picture 1
similar to the positive part of x axes. There is only one such location (Picture 2).

® Trailing arm VB of the
e P angle <AVB intersects the

circle at a single point.

0 This intersection‘s name
, \ is M.
: '. .‘ This can be seen in the

i ¥ i .' S e EwE T = T % Picture 3.

Picture 2 Picture 3

We can unambiguously assign the coordinates of the point M:  M[x,,; Vil
Determining the values of sine and cosine of our

angle o is nothing more than determining these
M point coordinates.

The second coordinate of the point M is called
sine a and its first coordinate is called the cosine

',f '-.\ a, they are denoted sina, cosa .
“l " A FI R } — z:SZ::i“; , forevery o eR.
\ |
\~-ﬁ<__—-// v
Picture 4
SINE '

The sine function on the set R is called the function in which each number o R is assigned number X, .

COSINE
The cosine function on the set R is called the function in which each number « € R is assigned number y,, .
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Similary (as described above for general angle o) we can use the unit circle to determine the value of the
sine and cosine functions for any given oriented angle.
We always calculate the basic angle and then place this angle into the unit circle.

We will show some particular examples below.

a = 45°

Picture 5

a =150°

Pict_u}e é -

Using the unit circle, we have determined

following values:
sin45° = (0,71
cos45° = 0,71

Exactly:
sin 45°

cos 45°

SENTS

Using the unit circle, we have determined

following values:
sin150° = 0,5
cos150° = —0,87

Exactly:

[E

sin 150° = =

cos 150°

N

Of course, we can determine the values of sine and cosine for angles whose size is given in arc degree.

14
a=-—
4

. T[ .
sm% =0,71
COSZ =0,71
Exactly:

T 2
SlTlZ = 7

T V2
COSZ = 7
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TRIGONOMETRICKE FUNKCE - SINUS A KOSINUS

K zavedeni a definovani funkci sinus a kosinus pro libovolny thel si nejprve zvolime jednotkovou kruznici.
Tedy kruznici o poloméru 1 jednotka.

Pomoci této jednotkové kruznice urc¢ime hodnoty funkce sinus a kosinus konkrétniho thlu.

Sestrojme si tedy libovolny orientovany thel <AV B o velikosti o, |<AVB| = «

Tento thel umistéme do jednotkové kruznice a soustavy soufadnic tak, Ze poc¢ate¢ni rameno Obrizek 7
AV bude kladna poloosa x v soustavé soufadnic. Existuje jen jedno takové umisténi (Picture
2).

/ Koncové rameno VB thlu
| T~ P XAVB  protne  kruznici
V jediném bodé.

g Tento prisec¢ik oznaéme M.
C : \ Toto muzete vidét na
.‘ '. | " Picture 3.

Obrazek 8 Obrazek 9

Bodu M miiZzeme jednozna¢né ptifadit jeho soutadnice M [X,,; Vil

Urceni hodnoty funkce sinus a kosinus naSeho
. uhlu o neni nic jiného neZz urceni téchto
soufadnic bodu M.

Druhou soutadnici bodu M jednotkové kruznice
na koncovém rameni orientované¢ho tthlu <AVB
/ nazyvame Sinusa a jeho prvni soufadnici
' _ ‘ ~ nazyvame Kosinus e, zna¢ime je Sina, coS« .

ll == =A== === N SR == == == sina =y,

/ , pro kazdé o eR.
CoS o = X,,

— — - . - - - . .
—t s T :

Obrazek 10

SINUS
Funkci sinus se nazyva funkce na mnoziné R, kterou je kazdému ¢islu « € R pfifazeno ¢islo Xy, .

KOSINUS
Funkci kosinus se nazyva funkce na mnoziné R, kterou je kazdému ¢islu o € R pfifazeno ¢islo Yy, .
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Stejnym zplsobem, ktery jsme popsali vySe pro néjaky obecny tihel o, miZzeme pomoci jednotkové kruznice
urcit hodnotu funkce sinus a kosinus pro libovolny konkrétni orientovany thel.
Vzdy ur¢ime zakladni velikost ihlu a tento uhel umistime do jednotkové kruznice.

Nize uvedeme n¢kolik konkrétnich ptikladu.

a = 45°

a =150°

Obrazek 12

Pomoci jednotkové kruznice jsme urcili
nasledujici hodnoty.

sin45° = 0,71
cos45° = 0,71
Presné:
V2
in 45° = —
sin >
cos 45° = g

Pomoci jednotkové kruznice jsme urcili
nasledujici hodnoty:

sin 150° = 0,5

cos150° = —-0,87

Presné:

=

sin 150° = =

N

V3
cos 150° = -5

Samoziejmé mizeme urcit hodnoty funkce sinus a kosinus i pro uhly, které maji velikost danu v obloukové

mire.
T
a=—
4
" = 0,71
sm4 =0,
T 0,71
COS4 ,
/ | Presne:
o T V2
Sln4 =
V2
cos4 =5

a=T

sinmt=20
cosm=—1
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WORKSHEET - graph of SINE AND COSINE

1. Study the text devoted to the determining of the values of the functions sine and cosine.

Determine the value of the sine and the cosine function.

a) Complete the second line in the table. Convert the size of the angles given in degree arc to the
degrese.

b) Mark the angles listed in the table to the unit circle.
c) Use the unit circle and fill the remaining lines in the table.

0 n n n n 2 3 5 - 7 5 4 3 5 7 11 -
) 6 | 2| 3|2 |[3™|3™|6™ 6" 2™ (37|27 |3™ 4™ |6 "
0° | 30°
sinx 0
CcoS X 1
Unit circle
cosine
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2. Use data in the table and construct a graph of sine (cosine) in the Cartesian coordinate system.

Apply the values of the angle (in radians) to the x-axis.
Appropriate value of the sine function is always applied to the axis y.

Example: On the graph of the sine function there is a point X with coordinates.
X[m; sinm] = [3,14; 0]

Sin X

3. Add values in the table below. Use these values in your cunstruction of the graph of sine.
You need always specify the basic angle while determining these values.

5 s 15 15 2 3 5 . 12 9 7 5 8 11 | 17 -
6 4 3 2 311' —ZTl' —gﬂ' 61'[ Zﬂ' 31'[ En 31'[ 411' 61'[
X
-90° -180° 360°
basic 3
=T /A 0
angle 2
sin x -1 0
COS X 0 1

4. Construct the graph of the sine (cosine) function.
You can use the Cartesian coordinate system in the attached file.
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Graph:
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PRACOVNI LIST - GRAF SINU A KOSINU

1. Prostudujte text vénovany urc¢ovani hodnot funkcei sinus a kosinus.

a) Doplite druhy fadek tabulky. Prevéd’te obloukovou miru thlu na miru stupiiovou.
b) Vyznaéte thly zapsané v tabulce na jednotkové kruznici.

c) S vyuzitim jednotkové kruznice doplite zbylé fadky tabulky.

Urcete hodnoty funkci sinus a cosinus.

0 n n n n 2 3 5 - 7 5 4 3 5 7 11 -
’ 3 2 3 > 31'[ V4 61t 61t Zn 311,' 2” 311' 41T 61t
0° | 30°
sin x 0
COS X 1
Jednotkova kruznice
cosine
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2. Vyuzijte hodnoty z tabulky a sestrojte graf sinu (kosinu) v Kartézské soustave souradnic.

Hodnoty uhlu v obloukové mife vyznacte na osu X.
Zaokrouhlené hodnoty funkci sinus a kosinus vzdy znazornéte na osu y.

Priklad: Na grafu funkce sinus je vyznacen bod X o soutadnicich
X[m; sinm] = [3,14; 0]

Sin X

3. Dopliite hodnoty do tabulky niZe. Tyto hodnoty vyuZijte pti konstrukci grafu funkce sinu.
Pti urCovani téchto hodnot vzdy urcete zékladni velikost tihlu.

T T T T 2 3 5 - 12 9 7 5 8 11 17 2
6 4 3 2 —§T[ —ZTl' —gﬂ' ?T[ Zﬂ' §T[ En — T TTL’ 6 w
X
-90° -180° 360°
Z4KL. 3 n 0
velikost 2"
sin x -1 0
COS X 0 1

4. Sestrojte graf funkce sinus (kosinus).
VyuZijte soustavu soufadnic z pfiloZeného souboru.
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ABSOLUTE VALUE

In this worksheet you will learn a new term. It is an absolute value. You will also try to give a definition of
this term. In the next worksheet you will learn how to work with an absolute value function.

Geometrical interpretation of absolute value
Before making a definition of the absolute value we will first try to explain the meaning of absolute value on
the numerical axis.

0

1. Mark following numbers on the numerical axis.
1;-1; 4, -4;,7; -7, 5,5;-5,5
2. Comlete these statements.

a) The distance of number 1 from the coordinate origin is/are ...... unit/units.
b) The distance of number -1 from the coordinate origin is/are ...... unit/units.
c) The distance of number 4 from the coordinate origin is/are ...... unit/units.
d) The distance of number -4 from the coordinate origin is/are ...... unit/units.
e) The distance of number 7 from the coordinate origin is/are ...... unit/units.
f) The distance of number -7 from the coordinate origin is/are ...... unit/units.
g) The distance of number 5,5 from the coordinate origin is/are ...... unit/units.
h) The distance of number-5,5 from the coordinate origin is/are ...... unit/units.

The bsolute value of a real number is connected with the distance of this real number from zero.

THE ABSOLUTE VALUE OF EVERY REAL NUMBER IS EQUAL TO THE DISTANCE BETWEEN THIS
NUMBER AND THE COORDINATE ORIGIN ON THE NUMERICAL AXIS.

A symbol [a] is used for annotation of the absolute value.
We can write findings from example 2 with using following equations (complete all empty spaces):

a) [i=1 d) |-4= g9) [5.5=
b) |-1=1 e) 7= h) |-5,5=
c) [4=4 f) |-7]=

Now try to complete a definition of the absolute value:

THE DEFINITION OF THE ABSOLUTE VALUE |a] OF A REAL NUMBER a IS:
IF a>0, THEN [a|=......,
IF a<0, THEN |a|=.......

The absolute value of the non-negative number a is equal to ...., the absolute value of the negative
number a is egual to a opposite number which is written ........

So for every real number we can notice: |a.| O

(fill in the gap with the right sign of inequality)
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3. Calculate:

a) |-105= d) [7-|5-8|=
b) |-15-(-3)|= 9 [2-v2]-
¢) [2-9= n [-v2|=
4. Mark on the numerical axis all numbers which are the solutions of these equations.
a) |x|=5
b) [x>5
c) [x<3
d) |x|>2
5. Calculate:
) 13- c) 17-3|=
a T
|4—6|=
b)
|6—4|=

Look at the previous exercise once more!
Each pair of equations have the same solutions. Is it possible that also these types of absolute value have
some geometrical interpretation?

Mark numbers 1 and 3 on the numerical axis:

Mark numbers 3 and 7 on the numerical axis:

What is the geometrical interpretation of the absolute value of the difference between numbers 1 and 3?
(1-3[)?

...................................................................................................... (Write your idea.)
THE DISTANCE BETWEEN REAL NUMBERS a, b ON THE NUMERICAL AXIS IS EQUAL
TO cevvianens ,

(1)

6. Mark on the numerical axis all numbers which are the solutions of these equations:
a) |x-1=2
b) [x—6]=1
c) |[x—4|<1
d) |x-4>1

0 x+1]=5
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ABSOLUTNI HODNOTA

V tomto pracovnim listu se seznamime s dal$im novym matematickym pojmem.Timto pojmem je absolutni
hodnota. Sami si zkusite vyslovit 1 definici absolutni hodnoty.

Geometricka interpretace absolutni hodnoty:
Pted vyslovenim definice si nejprve zkusime vysvétlit vyznam absolutni hodnoty na ¢iselné ose.

1. Na danou ¢iselnou osu znazornéte obrazy nasledujicich ¢isel:
1;-1; 4, -4;,7; -7, 5,5;-5,5
2. Dopliite na vynechana mista spravné udaje:

a) Vzdalenost obrazu ¢isla 1 od pocatku je/jsou ...... jednotek/jednotky.
b) Vzdalenost obrazu ¢isla -1 od pocatku je/jsou ...... jednotek/jednotky.
C) Vzdalenost obrazu ¢isla 4 od pocatku je/jsou ...... jednotek/jednotky.
d) Vzdalenost obrazu ¢isla -4 od pocatku je/jsou ...... jednotek/jednotky.
e) Vzdalenost obrazu ¢isla 7 od pocatku je/jsou ...... jednotek/jednotky.
f) Vzdalenost obrazu ¢isla -7 od pocatku je/jsou ...... jednotek/jednotky.

g) Vzdalenost obrazu ¢isla 5,5 od pocatku je/jsou ...... jednotek/jednotky.
h) Vzdalenost obrazu ¢isla -5,5 od pocatku je/jsou ...... jednotek/jednotky.

Absolutni hodnota redlného ¢isla souvisi se vzdalenosti jeho obrazu od poc¢atku na ¢iselné ose.

ABSOLUTNI HODNOTA KAiDEI:IO REALNEHQ CIiSLA JE ROVNA VZDALENOSTI OBRAZU
TOHOTO CiSLA OD POCATKU NA CISELNE OSE.

Absolutni hodnotu redlného ¢isla a znaéime|a| .
Zavery ze cviceni 2 tedy mizeme zapsat (dopliite spravné hodnoty na vynechana mista):

a) [i=1 d) |-4= 9) [5.5=
b) |-1=1 e) 7= h) |-5,5=
c) [4/=4 f) |-7|=

Pokuste se nyni doplnit a vyslovit definici absolutni hodnoty.

ABSOLUTNI HODNOTU |a| REALNEHO CISLAO a DEFINUJEME TAKTO:

JE-LI a>0, PAK |a|=......,

JE-LI a<0, PAK |a|=.......
Absolutni hodnota nezaporného ¢isla a je tedy rovna Cislu ..., absolutni hodnota zaporného ¢isla a je
10} 1 I Cislu, které zapiSeme....................

Pro kazdé realné ¢islo a tedy plati: | al O

(doplite spravné znak nerovnosti
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3. Vypocitejte:

a) |-105= d) [7-|5-8|=
b) [-15-(-3) = 9 [2-v2]-
¢) [2-9= n [-v2|=
4. Na Ciselné ose znazornéte vSechna realna Cisla, pro néz plati:.
a) |x|=5
b) |x|>5
c) |x|<3
d) [x>2
5. Vypoditejte:
) 1-3= c) |17-3|=
a I3-7| =
s-1-
46|
b)
6-4|=

Potradné se na piedchozi ptiklad jeste jednou podivejte!
Vzdy ve dvojicich ptikladl vychazi stejné vysledky! Nebude mit i tento zapis s absolutni hodnotou
néjaky geometricky vyznam?

Znazornéte na ¢iselnou osu obraz ¢isla 1 a obraz ¢isla 3. 3:

Znazornéte na ¢iselnou osu obraz ¢isla 4 a obraz cisla 6:

Jaky ma podle vas geometricky vyznam absolutni hodnota rozdilu ¢isel 1 a 3? (|1— 3| )?
.......................................................................................... (Zapiste svoji myslenku.)

VZDALENOST OBRAZU REALNYCH CISEL a, b NA CISELNE OSE JE ROVNA .............
RO Do 0oooocanooo00s

6. Na Ciselné ose znazornéte obrazy vSech realnych ¢isel, pro ktera plati:

f) |x-1=2 h) [x-4<1
g) |x—6/=1 i) |x—4>1
i) [x+1=5
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AXIAL SYMMETRY

There is a line o.

AXIAL SYMMETRY is an identical mapping O(0) which assigns:

1. each point X ¢ o to point X¢ so that the line o is the axis of the segment XX.
2. each pointY € o to pointY' =Y.

« The line o is called the axis of symmetry.

1. Find and construct images of points C,D,E in axial symmetry 0 (o).

2. Find and construct the image of lines a and b in axial symmetry 0(o).

Image of line a, which is not parallel to the axis of symmetry, is a straight line a‘which

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Axial symmetry ........... (has/doesnt have) self-conjugate points.
LiNeS, that c.ueieeiieiiiiiiiiiiiiiiieieietenteeeensenseacsnsonscnnsanses are self-conjugate.
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CENTRAL SYMMETRY

There is a point S.

CENTRAL SYMMETRY is an identical mapping S(S) which assigns:

1. each point X % S to point X°¢ so that the line S is the the center of the segment XX¢.
2. each pointY = Sto pointY' =Y.

« The point S is called the center symmetry.

1. Find and construct images of points C,D,E in central symmetry S(S).

C
b X
X
. S=A=A B
X X X
E
X
2. Find and construct the image of lines a and b in in central symmetry S(S).
.--""'-FFF#-F’

— _ f’

— ﬁ )
fﬁ ] _

Image of line a, which is passing through the center of symmetry, is a straight line a‘ which

Central symmetry ........... (has/doesn’t have) self-conjugate points. ......ccoeevuvieineinienrnnnns
(I o =N 1 o - | AP RN are self-conjugate.
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OSOVA SOUMERNOST

Je dana primka o.

OSOVA SOUMERNOST je shodné zobrazeni O(0), které piifazuje:
1. kazdému bodu X ¢ o bod X tak, Ze p¥imka 0 je osou Gsecky XX*.
2. kaidému bodu Y € obodY' =Y.

. Pfimka 0 se nazyva osa soumérnosti.

3. V osové soumérnosti 0(0) sestrojte obrazy bodt C, D, E.

4. V osové soumérnosti O (o) sestrojte obrazy piimek a, b.

Obrazem primKky a, ktera je riiznobézna s osou soumérnosti, je piimka a°,

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
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STREDOVA SOUMERNOST

Je dan bod S.

STREDOVA SOUMERNOST je shodné zobrazeni S(S) které pfiFazuje:
1. kazdému bodu X # S bod X‘ tak, Ze bod S je stfedem usecky XX¢.

2. kazdému bodu Y = SbhodY' =Y.

« Bod S se nazyva stied soumérnosti..

3. Ve stiedové soumérnosti S(S) sestrojte obrazy bodi D, E, F.

S=A=A'

E
X

4. Ve sttedové soumérnosti S(S) sestrojte obrazy piimek a, b.

\
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TRANSLATION

To define the translation, we must start with a concept - oriented line segment.

Oriented line segment

As you know from Physics, vector quantities (such as strength, speed, momentum, ..) are defined not only
by the size but also by the direction and we illustrate them using oriented line segments.

Oriented line segment is a line segment, in which it is determined which of the extreme
point is the starting point and which is the............... point.

Oriented line segment with initial point A and end point B is written as AB. And the graphical representation
is a line segment with an arrow at the end point.

Lenght of an oriented line segment AB is the lenght of a segment AB, |Z§|
Example:

Draw oriented line segments AB, CD,EF, for which is specified:

|AB| = 3 cm,|CD| = 2,5 cm, |[EF| = 7 cm

Another important concept that we need to learn is positively oriented line segment.
We say that oriented line segments 4B, CD are positively oriented line segments if
1. Half-lines AB, CD lies on the same line and one of them is a part of the other, or both half-lines

AB, CD are identical.
Construct an example of this type of two positively oriented line segments.

or
2. They lie on different parallel lines and half-lines AB, CD lies in the same half-plane with a boundary
line AC.

Construct an example of this type of two positively oriented line segments.

Now we can finally define another mapping, which is called translation.

TRANSLATION is an identical mapping T(ﬁ) which assigns each point X to point X" so that the
oriented line segments XX and 4B are the same length and are positively oriented.

The length of the line segment AB determines ..............ooeeeeuunnnn... and its orientation determines
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3. Find and conctruct images of points C,D,E,F in translation T(ﬁ).

B
/ +F
A

+C
+D
+E
4. Find and conctruct the image of line p in translation T(Zﬁ).

B

5. Find and conctruct the images of following formations in translation T(AE).

7
—

/\

Image of line p, which is not parallel to the direction of translation, is a straight line p°, which

ooooooooooooooooooooooooooooooooooooooooooooooooooooo

LiNeS, that c.uiieiiiiiiiiiiieiiiieiiieteietinreeeenssnsenncansonscnnsanses are self-conjugate.
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POSUNUTI

Abychom mohli nadefinovat posunuti, je nutné nejdiiv seznamit se s pojmem orientovana usecka.
Orientovana tsecka

Z tyziky vite, ze vektorové veliCiny (napf. sila, rychlost, hybnost,..) jsou kromé velikosti ur¢eny také jejich
smérem a znazoriiujeme je pomoci orientovanych tsecek.

Orientovana usecka je usecka, u niz je urceno, ktery jeji krajni bod je tzv. pocatecni bod a ktery je tzv.
............... bod.

Orientovanou usecku s poc¢atecnim bodem A a koncovym bodem B znac¢ime AB. A graficky znézoriujeme
useckou se Sipkou u koncového bodu.

Délka orientované usecky AB je délka usecky AB, znacCime |Z§|

Pr.:

Znazornéte libovolné orientované usecky TB,Ei Eﬁ pro které plati:

|Z§| = 3cm, |ﬁ| = 2,5cm, |Eﬁ| =7cm

Dalsi dulezity pojem, se kterym se musime seznadmit jsou souhlasné orientované tsecky.
Rekneme, Ze orientované tsecky AB,CD jsou souhlasn¢ orientované jestlize bud’
1. poloptimky AB, CD lezi na téze pfimce a jedna z nich je souc¢ésti druhé, ptipadné obé polopiimky
splynou
Dopliite obrazek takovych dvou souhlasné orientovanych tisecek.

nebo

2. lezi na riiznych rovnobézkach a poloptimky AB, CD lezi v téze poloroviné s hrani¢ni pfimkou AC.
Doplnte obrazek takovych dvou souhlasné orientovanych usecek.

Nyni uz si kone¢né miiZzeme nadefinovat dal$i ze shodnych zobrazeni, kterym je posunuti.

Je d4na orientovana usecka AB.
POSUNUTI (translace) je shodné zobrazeni T(Zﬁ), které kazdému bodu X priradi bod X" tak, ze
orientované usecky XX aAB maji stejnou délku a jsou souhlasné orientovany.

—
Délka tiseCky AB ur€uje ........coovv veviiiinnnnnnnn. A jeji orientace urcuje smér posunuti.

T(4B):X - X’

A/ x/'X,
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1. Je dano posunuti T(ﬁ). Najdéte v tomto posunuti obrazy danych bodi C,D,E,F.
B

+F

+C
+D
+E
2. Je dano posunuti T(AB). Najdéte v tomto posunuti obraz piimky p.

3. Je dano posunuti T(ﬁ). Najdéte v tomto posunuti obrazy danych utvari:

/\

Obrazem primky p, ktera neni rovnobéZna se smérem posunuti je pfimka p’, ktera

Posunuti ......... (mi/nema) samodruzné body.
SamodruZné jsou primky, Které .......ccceiiiiieiiiieiiiniiiiiiiieieinressetssnrcsnssssssosnscnns
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ORIENTED ANGLE

To define the rotation, we must start with the term oriented angle.

Oriented angle

Oriented angle is the angle in which it is determined which arm is the initial arm. The other arm at the end
of the angle is called terminal arm.

Oriented angle can be described as the starting and ending position of the ray that rotates around its starting

point. Oriented angle is therefore an ordered pair of rays (VZ, ﬁ) with the same starting point V.

Oriented angle is written as AVB. This symbol indicates that VA is the initial arm, VB is the terminal arm
and V is the vertex of an angle.

Picture 1 shows the oriented angle AVB
with the initial arm VA and the terminal
arm VB.
Picture 2 shows the oriented angle BVA
with the initial arm VB and the terminal
arm VA.
In these pictures we can also see how to
represent the oriented angle. To the arch,
-e— Which characterizes angle, it is
: necessary to assign an arrow that points
Picture 2 from the starting arm to the terminal
arm.

Picture 1

Size of the oriented angle

The initial and terminal arm can be compared to the clock hands. The size of the
oriented angle AVB is the angle which describes the initial arm VA
counterclockwise around the vertex V so that the starting arm VA overlays the
terminal arm VB.

Angle which describes ray V4 in this rotation is called the basic angle.

The movement of the starting arm can be:

positive negative
— a counterclockwise rotation - aclockwise rotation
. i F A
= s :/‘/ ;’/ B
/ r. ry
ra —— ra e
PALES Lo P - /
1 . . - ) ‘ v / A
— -310 /

|AVB| = +50° |BVA| = 310° |BVA| = —50° |AVB| = —310°
-A positive angle is formed by a counterclockwise — A negative angle is formed by a clockwise
rotation of the initial arm. rotation of the initial arm.

THE SIZE OF THE ORIENTED ANGLE DETERMINES OF HOW MANY DEGREES MUST TURN THE INITIAL ARM IN
A POSITIVE OR NEGATIVE SENSE (POSITIVE OR NEGATIVE ANGLE) TO OVERLAY THE TERMINAL ARM.

As you can see in previous examples, the size of one oriented angle can be
expressed in several ways, these ways are endless.

When entering the final position the initial arm can make more than one
rotation.

The size of the oriented angle in the picture on the right can be determined
as 110°, also as 470° or 1190°.
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The most notable size among these expressions of sizes is called the base size of an oriented angle.

If the base size of the oriented angle is denoted a, for each size ¢ of the oriented angle it can be written:
p = a + k-3609o0rinarc degreelp = a + k - 2m, where k € Z.

The calculating of the basic size of an oriented angle

Q=0°
@ =1522° o2
1522° = a + k.360° =3 m=%3
: - 4
1522:360 = 42 s n
o _ ) o 2
1522° = a +4-360 Al = g+ A
a=1522°—-4-360°=1522° — 1440° 3
«=4in—an
_ 2
a = §T[
p<0°
@ = —487° _ 33 _ 3
_487° = B — k - 360° ¢=—gm=—6gm
k -360° — 487° = B 3
—6—-m1=R—-k-2
2-360° — 487° = 8 65 k3 T
[ = 720° —487°
=k-2m —6—
foloam oy
B =8mr— 6§T[
_ 7
p=cm
Practise:
1. Determine the basic sizes of these oriented angles:
C
B
N T Z
v A
2. Calculate the basic sizes of these angles:
a) +380° c) +580° e) +1036°
b) —50° d) —580°

118



ORIENTOVANY UHEL
Abychom mohli nadefinovat otoceni, je nutné nejdiiv seznamit se s pojmem orientovany uhel.

Orientovany uhel

Orientovany uhel je thel, u n¢hoz je urceno, které jeho rameno je tzv. pocatecni rameno; druhé rameno je
jeho koncovym ramenem.

Orientovany uhel si miizeme piedstavit jako pocatecni a koncovou polohu poloptimky, ktera se otaci kolem

svého pocatku. Orientovany thel je tedy usporadand dvojice polopiimek (ﬁ, V—B))se spolecnym pocatkem
V.

Orientovany tihel zna¢ime AVB. Z tohoto vyplyva, Ze VA je pocatecni rameno, VB je koncové rameno a
V je vrchol thlu.

Na obrdzku I vidime orientovany thel
AVBs podate¢nim ramenem VA a
koncovym ramenem VB.
Na obrazku 2 mizeme vidét orientovany
tihel BVA s po¢ate¢nim ramenem VB a
koncovym ramenem VA.
Na obrazcich Ize také vidét, jak
orientovany uhel znazoriiujeme.
-e— K oblouku, ktery vyznacuje uhel, je
nutné prifadit Sipku, kterd sméiuje od
Obr. 4 pocate¢niho ramene ke koncovému.

Obr. 3

Velikost orientovaného tihlu

Pocatecni a koncové rameno orientovaného uhlu si Ize predstavit jako hodinové
rucicky. Velikosti orientovaného tihlu je pak uhel, ktery opise pocatecni rameno
VA proti sméru chodu hodinovych ruci¢ek kolem vrcholu V tak, aby po€atecni
rameno VA splynulo s koncovym ramenem VB.

Velikost thlu, ktery opiSe poloptimka VA pii tomto otaceni se nazyva zakladni
velikost orientovaného thlu.
K pohybu pocatecni polopiimky muize dojit:

vV kladném smyslu V zaporném smyslu
— proti sméru chodu hodinovych ruci¢ek -po smeru chodu hodinovych ruci¢ek

B s B d B /K

o i K B

F Fa A
/ —— /
/ / S M- a
B . ) ’ N ] A
- -310 i
|AVB| = +50° |BVA| = 310° |BVA| = —50° |AVB| = —310°

-Pokud otacime pocatecnim ramenem v kladném —. Pokud otac¢ime pocatecnim ramenem v zaporném
smyslu, je velikost orientovaného thlu kladna. smyslu, je velikost orientovaného uhlu zaporna.

VELIKOST ORIENTOVANEHO UHLU UDAVA, O KOLIK STUPNU MUSIME OTOCIT POCATECNIM RAMENEM
V KLADNEM CI ZAPORNEM SMYSLU (PODLE ZNAMENKA UHLU), ABY POCATECNI RAMENO SPLYNULO
S KONCOVYM RAMENEM.

Jak je vidét z predchozich piikladi, 1ze velikost jednoho orientovaného uhlu
vyjadfit vice zptsoby, téchto zptsobt je nekone¢né mnoho.

Pocate¢ni rameno muiZe pii ptechodu do polohy koncového ramene vykonat
vice otacek.

Velikost orientovaného thlu na obrazku vpravo miizeme vyjadrit jako 110°,
ale také 470°nebo 1190°.
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L4

Mezi témito vyjadienimi velikosti orientovaného thlu je ale nejvyznamné;jsi jeho zakladni velikost.

Pokud zakladni velikost orientovaného uhlu oznacime a, plati pro velikost ¢ libovolného orientovaného
uhlu:

lp = a + k - 3609 resp. v obloukové miie|p = a + k - 2n|, kde k € Z.

Vypocet zakladni velikosti a orientovaného tihlu

@ =0°
@ =1522° 14,2
1522° = a + k.360° p=Fzr=a30
1522:360 = 4,2 14
’ —n= 2
k=4 37r a+k.2n
1522° = a + 4 360° Aot an
a=1522°—-4-360°=1522°— 1440° 3 5
«=aZn—an
_2
a’—ETE
p<0°
@ = —487° _ 33 3
—487° = B — k - 360° ¢ = 5’;— 65m
k-360°—487°=p
—6—mT=8—-k 2
2-360°— 487° = B bgm=F k3 T
[ = 720° —487°
k2T —6—
foloam oy
=81 — 6=
B s 57‘[
_7
p=cm
Ulohy k procviéeni:
P¥.: Urcete velikosti vyznacenych orientovanych thli:
c
B
v s 2
v A,

P¥.: Urcete zékladni velikosti nasledujicich uhla: +380°, —50°, +580°, —580°, +1036°
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ROTACE 1. ¢AsT - ORIENTOVANY UHEL

Abychom mohli nadefinovat oto¢eni, je nutné nejdiiv seznamit se s pojmem orientovany thel.

Orientovany uhel

Orientovany uhel je thel, u né¢hoz je urceno, které jeho rameno je tzv. pocatecni rameno; druhé rameno je
jeho koncovym ramenem.

Orientovany uhel si miizeme piedstavit jako pocatecni a koncovou polohu poloptimky, ktera se otaci kolem
svého pocatku. Orientovany thel je tedy usporadand dvojice polopiimek (VZ, V—B))se spolecnym pocatkem
V.

Orientovany uhel znaéime AVB. Z tohoto vyplyva, Ze VA je pocateéni rameno, VB je koncové rameno a

V je vrchol thlu.

Na obrazku I vidime orientovany thel
AVBs podateénim ramenem VA a
koncovym ramenem VB.
Na obrazku 2 mizeme vidét orientovany
tthel BVA s pogateénim ramenem VB a
koncovym ramenem VA.
Na obrazcich lze také vidét, jak
orientovany uhel znazoriiujeme.
-e— K oblouku, ktery vyznacuje thel, je
nutné prifadit Sipku, kterd sméiuje od
Obr. 6 pocate¢niho ramene ke koncovému.

Obr.5

Velikost orientovaného uhlu

Pocatecni a koncové rameno orientovaného uhlu si Ize ptedstavit jako hodinové
rucicky. Velikosti orientovaného tihlu je pak thel, ktery opiSe poc¢ate¢ni rameno
VA proti sméru chodu hodinovych ruci¢ek kolem vrcholu V tak, aby pocatecni
rameno VA splynulo s koncovym ramenem VB.

Velikost uhlu, ktery opiSe poloptimka VA pii tomto otaceni se nazyva zakladni velikost orientovaného uhlu.
K pohybu poc¢atecni poloptimky mize dojit:

Vv kladném smyslu V zaporném smyslu
— proti sméru chodu hodinovych rucicek -po sméru chodu hodinovych ruci¢ek
4 = g/
B S

,ﬁ B
iy
/

Va
- -310 “/

|AVB| = +50° |BVA| = 310° |BVA| = —50° |4AVB| = —310°
-Pokud otac¢ime pocatecnim ramenem v kladném —. Pokud otacime pocatecnim ramenem v zaporném
smyslu, je velikost orientovaného thlu kladna. smyslu, je velikost orientovaného thlu zaporna.

VELIKOST ORIENTOVANEHO UHLU UDAVA, O KOLIK STUPNU MUSIME OTOCIT POCATECNIM RAMENEM
V KLADNEM CI ZAPORNEM SMYSLU (PODLE ZNAMENKA UHLU), ABY POCATECNI RAMENO SPLYNULO
S KONCOVYM RAMENEM.

Jak je vidét z predchozich piikladi, 1ze velikost jednoho orientovaného uhlu
vyjadfit vice zptsoby, téchto zpisobt je nekone¢né mnoho.

Pocate¢ni rameno muzZe pii prechodu do polohy koncového ramene vykonat
vice otacek.
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Velikost orientovaného tihlu na obrazku vpravo mizeme vyjadtit jako 110°, ale také 470°nebo 1190°. Mezi

témito vyjadienimi velikosti orientovaného tihlu je ale nejvyznamné;jsi jeho zékladni velikost.

Pokud zakladni velikost orientovaného uhlu oznacime a, plati pro velikost ¢ libovolného orientovaného
uhlu:

lp = a + k - 3609 resp. v obloukové miie|p = a + k - 2n|, kde k € Z.

Vypocet zakladni velikosti a orientovaného ihlu

@ =0°
@ =1522° _uo_ 2
1522° = a + k.360° p=Fgn=a30
260 — 14
1522:360 = 42 e arion
o_ 200 2
1522° = a + 4 - 360 42 wtan
a =1522° — 4-360° = 1 522° — 1440° 30
«=4tn—in
2
a—gT[
p<0°
@ = —487° _ 33 3
—487° = B — k - 360° = 5’;_ b5
k-360° — 487° =
—6—mT=B—-k-2
2-360°— 487° = B 6T =F k3 T
B = 720° — 487°
=k-2m—6—
foloam oy
,3=87r—6§n
7
ﬁ_f)
Ulohy k procviéeni:

P¥.: Urcete velikosti vyznacenych orientovanych thli:
C

P¥.: Urcete zékladni velikosti nasledujicich uhla: +380°, —50°, +580°, —580°, +1036°
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ROTATION

There is an oriented angle AV B, which size is ¢, and a point S
ROTATION is an identical mapping R(S,¢) which assigns
1. point S to point S.

2. each point X # S to point X‘ so that |XS| = |X'S| and oriented angle XSX'size is ¢.

Point S is called the center of rotation, oriented angle with size ¢ is the angle of rotation.

The procedure of constructing the image of a point in the rotation:

Find the image of point A in the rotation R(S, @), if ¢ = +75°.
R(S,p):A—- A

1 We construct ray SA.This
. There are points Aand S ray s the initial arnﬂ
. . > the oriented angle ASA'.
To find the image of point A
: . Then we construct also
in rotation R means to rotate the terminal arm of the
point A around point S by ; —_—
759 counterclockwise. oriented angle ASA’, size
s of this angle is 75°.
5 A A
The image of point A is
Futhermore, we know that the intersection of t.he
|AS| = |A'S]. circle and the terminal
In the center of rotation we ?;gtzgthgiﬁ?%zg\gfn q
construct a circle with a . P o
radius of |AS] poInt S by 75° in the
IS }A ' positive sense).
A
Practice:
Find images of points A, B, C, D, E, F R(S, @), if ¢ = =50° .
R(S,p):A—- A
R(S,9):B - B’ C
R(S,p):C - C’ .
R(S,9):D - D
R(S,p):E - E' A
R(S,p):F - F' X
B
X
S=F
)
E
x
D
X

123




1. Find images of lines p, g, r in the rotation R(S, ¢ = BVA).

o

2. Construct the image of an equilateral triangle ABC in the rotation R(S, Q= BVA), if ¢ =+60°
a) S=T, where T is the center of gravity

a) Solution: b) Solution:
Y Y
.r'r *, _,.-'r LY
AN fN
S \ S x
Fi LY Fy 1Y
! LY /! \
/ \ ! \
J,-"' '-._1L J,-"' '-.1L
Fi \ Fa
i A" i !
J .1 i/ Y
ri LY ri LY
.-'"r "-._"- .-'"r '-._"
iy Y ri \,
J A / Ay
i \ _,.-"' N
_.-"r L F, LY
; L ; b}
— y — y

3. Inthe rotation R(S, @), if ¢ = 180° find images of points A,B,C,D

4. Inthe rotation R(S, @), if ¢ = 360° find images of points A,B,C,D

B )
x 5 x
X
Fill in gaps:
ROtation IS «.eeveeeeiniinnnnnnns (direct/indirect) identical mapping.
Rotation hasS....ccceeeeeeiineennnnnns (how many) self-conjugated point/points.
Rotation ............. (has/doesn’t have) Self-conjugated lines.

If the angle of rotation is ¢ = 180° + k - 360°(¢ = m + k - 2m) then the rotation becomes
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OTOCENI

Je dan orientovany thel AVB, jehoZ jedna z velikosti je ¢, a bod S

OTOCENI (rotace) je shodné zobrazeni R(S,¢), které

1. bodu S priFazuje bod S.

2. kazdému bodu X # S pFifazuje bod X’ tak, Ze | XS| = |X'S| a orientovany uhel XSX¢ m4 velikost ¢.

Bod S se nazyva stied otoceni, orientovany uhel o velikosti ¢ je thel otoCeni.

Postup konstrukce obrazu bodu v rotaci:

V otoceni R(S, @), kde ¢ = +75° najdéte obraz bodu A.
R(S,p):A—- A

Sestrojime poloprimku
SA. Tato poloprimka je
pocatecnim ramenem
orientovaného uhlu ASA’.
Sestrojime i koncové

rameno orientovaného
uhlu ASA’ o velikosti

Jsou dany body A a S.

Najit obraz bodu A v dané
rotaci R znamend otocit bod
A kolem bodu S o 75°proti
smeru chodu hodinovych
rucicek.

X +75°.
5 A A
Obraz bodu A je

Dale vime, ze |AS| = |A'S]. prisecikem kruznice a

Ve stredu rotace S tedy koncového ramene uihlu.

opiseme kruznici o poloméru (bod A jsem otocili kolem

|AS]. bodu S o 75° kladném

5 }A smyslu)
A
Priklad.
V otoceni R(S, @), kde ¢ = —50° najdéte obrazy bodu A,B,C,D,E,F.
R(S,p):A—- A
R(S,¢):B - B’ C
R(S,0):C > C' -
R(S,9):D - D
R(S,@):E - E' A
R(S,@):F - F' X
=
b
s=F
x
E
x
D
X
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4. Je dana rotace R(S, ¢ = BVA). Najdéte v tomto otoceni obrazy ptimek p,q,r.

x | |

5. Je déna rotace R(S, Q= BVA), kde ¢ = +60°. Najdéte v tomto otoceni obraz rovnostranného
trojuhelnika ABC, jestlize

c) S=T,kde T je téziste
d) S=C
c) Reseni: d) Reseni:
A £ Y
/ P
/N /N
/ N\ / N\
"'Jr \‘\. -"'Jr .\‘x
J"r. '\_1 / -1'1
.r__.-"' .1\. .-'"r.r -\'\.
S N i R
/ N\ J N\
,”I \ ,”I \
.-'"r h .-'"r h
A N\, A \
6. V otoCeni R(S, @), kde ¢ = 180° najdéte obrazy bodu A,B,C,D
B 0
X 5 ®
*
A i,
4 [
x
7. V otoceni R(S, ), kde ¢ = 360° najdéte obrazy bodi A,B,C,D
B 0
¥ 5 ®
X
A i,
4 [
X
Dopliite vynechana mista:
Otocfeni je cooeeevnenrennnnnnns (pfima/nepiima) shodnost.
Otoceni MA....ccoeuvvnriiniinnennnes (pocet) samodruzny bod/samodruznych bodi.
Otoceni ............. (mé/nema) samodruzné piimky.
Pro uhel otoceni ¢ = 180° + k- 360°(¢p = w + k - 2m) piejde otoceni ve ......... soumérnost.

Pro uhel otoceni ¢ = k- 360° (¢ = k- 21) je otoceni
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